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1. INTRODUCTION

Recently several authors have reported the results of measurements

e have

of sound reverberation from ocean floors. Urickl and Mackenzie
both found that this type of reverberation, over a certain range of time,
is empirically described by a Lambert's law scattering. Both of these
experiments were performed over deep, very flat, ocean floors. The
presence of a scattering mechanism which would produce a Lambert's law
is somewhat surprising under these circumstances since it is usually

associated with reflection from very rough surfaces.

Since the reverberation™ clearly contains much information about the
character of the ocean floor it is of great interest to understand the
mechanisms which produce it. If reverberation is ever to be inter-
preted it is clear that a systematic study of its theory is necessary.
This report is a contribution to such a study. The reverberations
produced by a completely flat surface separating two homogeneous iso-
tropic fluids is investigated. There is no effort to include the
effect of rough surfaces which would be a logical extension of the work

presented.

The following section contains a derivation of the reverberated sound

lSuperscripts refer to similarly numbered entries in the References at
the end of the Report.

*The word "reverberation" is defined in this report to be all sound
which is not associated with specular reflection arriving back at the
source.,
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field produced by a pulsed source. In Sect. 3 the reverberation is
considered for several pulse shapes and compared with experimental

results., A discussion follows in Sect. 4.

2. THEORETICAL DERIVATION

The derivation of the reverberation field for a point source above a
flat boundary separating two media is given in this section. The
approach is similar to one given by Pekeris,3 who first pointed out the
existence of a "tail" on the specularly normally reflected signal. The
general introductory theory presented here is reasonably complete but
may be found in an expanded form in several reference books4’5 as well

as 1n numerous articles.

Congider first the CW case of a point source. The source is taken to
be a distance above the flat boundary separating two semi-infinite
fluids. The fluid containing the source has a velocity and density
given by C and P respectively. These quantities in the other medium

are symbolized by{:!and P/.

The physical situation 1s illustrated in Fig. 1.

y—- Source Feceiver
N (o,h)

p.c L b

P\c‘ #(000)

X
(7.2) (€¢)

FPig. 1. Point Source and Receiver Above a Flat, Infinite Boundary
Separating Two Semi-infinite Media,
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The receiver is shown at an arbitrary position (n, z) and will later
be considered to be at the source (o, h'). The coordinate system is
cylindrical with its origin at the surface below the source. The
only case considered here is C’)C . The fields in both fluids must
satisfy the Helmholtz equation given by

(V+E"%)@1=o : 220

(7% %) g, = 0 ; z¢0 )

where @ and p are the velocity potentials in the upper and lower half
spaces respectively. A time dependence of the type e ha.s been as-
sumed. The field in the upper medium @1 is the sum of the source

field ﬁ and the field ﬂdue to the presence of the boundary. In cylin-
drical coordinates, which are the natural choice for this type

problem, the most convenient representation of the point source of unit

amplitude (for the velocity potential at unit distance) is

Jh- {2 <)
jJ(kn.) e L - (2)

Lw'L

(See Ref. 4, p. 126.) Tt is easily shown that the differential equation

(1), when written in cylindrical coordinates and separated, gives rise to
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the solutions

P lknz)= Alk) J(kn)t (2k)

0 (kRnz)- Bll) I, (kn) F(2k) (3)

where
2 G 2
d FI w _ h, F =0
o s
1
d F, 2 (4)
.___F' fg.__ b? ) ¥- = 0O
d Z'Z ¢? z
The solutions of Eq.(4) are well known to be
= ] z
P O’te k'-%?z. z ) z2h

l
g L
r:l’= a,e e By asé : c2®: 0¢zeh ) O
el 2z .
FZ. = Q.4e, ct ) Z<0

The radiation condition has been used for the first and last of the
solutions of Eq.(5). The root‘{Ei?E?j must always be taken such

that Re Yk @, 20 and &J“fi@‘:’;o in order to be
consistent with the solutions chosen. Eﬁérywhere, except at the source,

the pressure and displacement must be continuous.
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Thus at #2=0

2 ¢, 3@, - /20
il ey ?3%

aﬁs 4 ?—.@‘ -— ?&Z (6)
2z Jz 22

and at 2=,q
F=-=F'
ﬁ : d‘_-lz (7)
dz 4z

Using Egs. (2), (3), (5), (6), and (7), it is easy to show that the

solutions may be written as

0 em[ kdk J,(m){he’ig.f-g_, e = é'Jié‘-.g_';(;J,k)w

7 22 — =—
AEENN i
oo 5 - =

0 - :__gei”tjkalh.],,(hrb! \[{f ,‘:—": éﬂh’.gﬁ_h ) 4 (8)
z «? / = éiiﬂ — o =

D{ = e k-2 + & 1‘51.

J
p)
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The interest in this report is concentrated on the field at the position
of the source. At this position ? has the form
n

so: e""’t “[%k. Jk}‘ ﬂd z ..211'!‘&
n 'Lw?- 1"11“’ 4_{ ’th (9)

where

£ /™
-t

Before a field due to a pulse is formulated, a more convenient form CP,"

(0‘)‘,) is desired. Such a form is obtained by making the transformation

Lw 0 =w/ k- w7, 2 (10)

The path of integration has two separate paths in the S plane: one
for w> o and one for w{Q , as shown in Fig. 2.
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w>0
& (w>0)

Fig. 2. Contour Paths in the 3 Plane

1 T
The paths are determined by the condition ’R,g,‘d - Z_Q‘z. 2 O

and ?_¢ k,':.y;?' ) 0 . The branch line is also determined by these
cl'r
conditions to lie along the real axis between the branch points S‘: w B [

The equation for ? in terms of the integral over S‘ is
n

(11)

CF= l—"gel:uijd's { }-f' NI=r* }e"iAt'wS‘
: Llw) S'H} IIEFZ :
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where

Both paths of af(w) may be replaced by one along the real axis
from 1 to og provided the integrand vanishes along an arc of infinite
radius. This requirement is met by changing the integrand with the
addition and subtraction of a term

-2 15" hiiox

l+ &

giving for ?‘t the final form

, ~akwe = h
i) et x-thart ] g% e
v (v0) 2% T T T [xetmre 46

1

This agrees with the equation derived by Pekeris§+ for signals in
shallow water. The convenience of this form will be demonstrated

in the following extension to pulses of arbitrary shape.

The field for arbitrary pulse shapes is a straightforward extension
of the CW case. For the time dependent velocity potential é (t)
S

+
The Bq. (A-34) in Pekeris is printed incorrectly. Its correct form
agrees with Eq. (12) above.
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of the source whose Fourier transform is

—QM'L

%(m f"‘* ‘£ (he ) (13)

the field (5 (o0 h 1) is given by
=n 2 )

+ o0
cwt
B loht) = gy [dwe™ g G ko).
The substitution of Eq. (12) into (14) gives
e R 11 < .;Lk
$(oht) = 74 (M) d(t-

vul A et ~2hgwx (15)
+ K-UVx<p '-6‘ C
,l—l fgtamwe d.uJJ"d,X +‘GW }8 )

(14)

which may be written as

Bl e sk (1) 8,028y
e j(m :’w":jc{ FK SNt o l= G'}Q-J}Eh(lé)
1

V¢ ot JHWqee KAAEn? 1+
-
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Integration over @) gives

(8]
sodiyss ak), ! 9 [ x-6Vxr*  1_¢
énfo»'h)“'lh(ll:-{r) és(éhz)+c_3t o g“é(t %!L ) {t+£ er? T:-T;} e
1
Since

c 2
It ~S h - c ) (18)
the integral in §Q may be integrated by parts, giving
(5 I (!-G-u é( :zh) ent oLx _C_B(vt %b-x)
_f:—* 2h ) (19)

W()H 31};!’ n? )

The first term in Eq. (19) is clearly associated with the direct reflec-
tion of the pulse. It has the form of an image. The last term of Eq. (19)
is the "reverberation" term which will be studied in the remainder of this

report. For convenience it will be given the symbol é-ﬁ'.(t)
There are some interesting limits easily studied. If the sound velocities
are equal ( C= C’ ) in both media the term § vanishes for arbi-

trary P/P It also vanishes for 6-—)00 . This last limit demonstrates

10
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that this term cannot account for any reverberation at the air-sea interface

leaving only the possibility of surface roughness as a source of reverberation.
In the following section some specific pulse shapes will be considered.
3. INVESTIGATION OF SPECIFIC PULSE SHAPES AND COMPARISON WITH EXPERIMENT

It has now been shown that reverberation occurs even in the presence of
a boundary without roughness. It now remains to be seen whether or not
this form of reverberation can account for the observed results.

Mackenzie has reported results for CW pulses, and Urick has measured

—

reverberation for explosive sources. In this section the magnitude of ég
will be compared with their results. First, §k must be calculated for

the specific pulse shapes. Those calculated here are:

(1) the Spulse
(2) the CW pulse

(3) the exponential pulse,

It must be remembered that these are the pressure pulse shapes ( P3 VP

not the velocity potentials. Since

p-§ ¥

o1 (20)

11
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the pressure reverberation term ( PR.(t)) is given as

L P

:_ﬂz d X p‘sc-t“'%—hK)
S 1 ‘VKEFZ(H{I-'HZ-F!)L

The results therefore may be calculated directly for the pressure

(21)

Since every type of pulse considered will vanish before some time (say t:o), PR

may be written as

te
24 L
S
= 3_ Ps(t- %x) (22)
R. -E )2 =
1 her® (x+ 6=
s -
There is some convenience in using a dimensionless time unit I h °

The symbol T’ will be used for such units of time. Then Eq. (22) becomes

Py (T) = - %_ fd.x Py (- x) zk)
1 'f—_-(x-t-"rm)

¢ (23)

(1) The Spulse

If the source emits a pulse S( t ) then,

12
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since 5({') =‘2£th’t) i PR. becomes

= ¢
T ' (24)
Pe. ak*NTZe” (redTer)" o

(2)

The explosive pulse

Consider the signal

et

i
P
(®
,-{_
N
Q

(25)

Equation (22), upon substitution of Eq. (25), becomes

4

2 - ?zéf"‘(‘t-x)
PR: '6——-]1_2_ °Sd-x e

-1 (26)
1 Aan® (xe 6 NxEr? )

Since pulses will be considered which have very fast

decay rates compared to times “1—‘____—"l the term 2ho -

is very much larger than one, therefore allowing

13
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Eq.(26) to be approximated accurately by

s Cﬁ-r'zPu

e N Er ey 0 @

where

ol Py s |
2hot 25

(3) The CW pulse

Suppose
pb(-l;) R~ tgo
= pswmuwt | ogteT (29)
- L
where
:'iu"ijt e N (N is an integer); (30)

i.e., the pulse contains an integer number of cycles.

14
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Eq. (23) becomes

i o
2 ah (
o 2w (- %)
PR'(%)--EF_EE o x E 5. 2 1)
ﬂ' cT X!-'-r'l (Y-‘-E' X"— F‘i ) (3
Tah
for T I+ cT . Letting ‘9:5_;".- and subgti-

13 ’ PFL may be written as

. hw
P,(T) = -.—P—-jo‘g e (32)
Vh.;) n* {(’? g)+ﬂ1}('c-§\ r }

2L w
&

is very much greater than one; thus, the sin term in

For high frequencies in relatively deep water

Eq. (32) oscillates very rapidly compared to changes in
denominator. A good approximation to the integral can
be made for such cases and its derivation is given in

Appendix A. The final result is that

~ ufct PE ZS(T_mb)('t-m$+ﬁWT-mq‘) nt )" ar® (a-7)
W Lofremgtrt e (emb+ ¢ Y ompyor 2)°

15
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which is very useful for numerical purposes along with

the asymptotic limitJ

't))A, 3éc PPT{JT('&J,{,'J )-ar’}
g Pt’f*")“"’"(’hﬂ/ﬁ‘)

P

It is now possible to use these equations to compare the effect of this

type of reverberation with observed values.

For the purpose of very rough comparison with experimental observations
these formulas will now be used for numerical evaluation. The pulsed
and explosive signals were used by Mackenzie and Urick respectively and
seem to offer the best opportunity for comparison with theory in that
they present data of a resonably complete nature. These results are not

examined in detail in this report for reasons which will be evident.

It is now of interest to see if R& can account for the reverberation
observed by Urick and Mackenzie. For comparison, ratios of velocity

and density will be taken to be

Cc

gt = 2

£=2/3

C = 1500 meters/sec

Reasonable variations in these will not lead to great changes in the

magnitude of Fk- . For comparison with Mackenzie, who normaligzed his

16
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results, let

”L = 2100 fathoms (3840m)
T = 1/2sec
W = 1060 (530 cps)

= 1.

P

Consider the value just bqfore the second specular reflection arrives.

For this point BEgq. (A-8) suffices and gives
-lo
Po= 295 x10 °dyms /o2,

or, in db the level of reverberation would be

LR.: Qoeb%P,a = —14% ddr- 2

This may be seen to be about 85 db too low to account for Mackenszie

in Fig. 5. of his paper. At 10 sec his value is at noise level - 125db.
It is quite clear that the difference is enormous and therefore the
origin of his reverberation must be different than that proposed here.

More will be said about this difference later.

With Urick's results comparison is more difficult since he works with
db levels of various frequency bands. However, simple order of magnitude

results are obtained using Eg. (27) with

R = 4400m
X =5x 105 sec_l (from Fig. 5. Ref. 1)

P0= 6 x 108 dynes / cm?
17
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This gives
IPRI N A 4 tht;dlam/m"'

or
L = - 71 db.
i 7
This appears to be about the same magnitude below Urick's data (a few
db above zero, estimating from Fig. 4 of his report) as the Fh_ was
below Mackenzie's values. Thus, Urick's results also may not be explained

by the theory developed here.
4., DISCUSSION AND SUMMARY

It has been shown that the simple theory of a point source above a plane
fluid-fluid boundary contains a form of reverberation. It is not, however,
large enough to explain the results obtained in two separate experiments,
There are two obvious ways to extend the theory which would increase the

calculated reverberation.

First, a roughness could be assumed at the boundary. It would account

for an increase in the reverberated field but almost certainly not enough
to account for Urick's and Mackenzie's results, at least for the roughness
observed in the deep flat regions of the ocean floor. The roughness over
the regions of the experiments mentioned above are not known but it is
doubtful that it is large enough to account for the magnitude of the

reverberation observed.

Second, the theory could be extended to include the case of an increasing

velocity as a function of depth in the lower medium. Since the lower

18
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medium probably does have this characteristic in the sea due to compaction
this is a logical extension. It clearly brings more energy back up to the
surface, but its magnitude as a function of velocity gradient is not known.

The writer intends to make this extension in the near future.

It should be mentioned that in the theory above no account has been taken

of the air-sea surface. Both Mackenzie and Urick made their experiments with
both the source and the receiver near the surface (about 15 m). Although
both state that backscattering from the bottom accounts for reverberation,
neither includes the effect of nonspecular reflection from the air-sea
surface. This reflection could clearly account for a large amount or rever—
beration for higher sea states., Mackenzie performed his experiments in sea
state 3; Urick did not mention the sea state. This important contribution
cannot be neglected for sources and receivers near the surface. For the
purpose of studying reverberation from the sea floor it would be better to
work at a depth sufficient to separate surface effects. Such an experiment,
to the writer's knowledge, has never been reported in the literature although

it would give a much clearer indication of the nature of the ocean floor.

19
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Appendix A
APPROXIMATE EVALUATION OF PR FOR CW PULSED SIGNALS

For pulsed CW signals certain approximations allow the reverberation term
PR- to be expressed in a form convenient to numerical evaluation.
In this appendix, an approximation is obtained which replaces the integral

by a sum over a finite but generally large number of terms.

Bquation (32) is

S
P () = —@__E- b M ajé-yf (4-1)
P) W'c-.g) r* {'t-§+ﬂ-1[(-t—§)—f"}=

where J—é-‘”"'))l will be assumed. The term sin Jiw

oscillating compared to any other term. By changing the scale of the

is rapidly

variable of integration to
g =
<

(a-2)

then Eq. (A-1) becomes

27N

2 ; .
PB(’I‘)z—e'_EEEa d_e i O L(A 3)

e ¢ Jq;_cea) I {T_:hw*_ﬁwrt' "Fi}

NATO UNCLASSIFIED






NATO UNCLASSIFIED

The integral may be expressed as the sum of integrals, each over a range

I y 8iving

2Nw (miTe
Pel®) = - __,-E-eh‘ﬁ' ’ Z_. _fd,g il (A~4)
"o (e L8N [ =)+ &V(r-ggJZ-F‘iL

Since the denominator does not change significantly over the range of

integration Eq. (A-4) may be approximated by

IN-)

(OR(T)Z Z : i (45)
oAb gt T{tegan + £t guay-r*)”

The summation may be written in a form

() % - L&LZ

rt-m@ r* (Tomr A (Tmey—r™ 38

(A-6)

I
=, L] ol 2
1(T—(m+§',)cbfi- n (’C‘—CW.-;_)JJ + H/(T_umz') 4,)2'-F")j’

A2
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L
where = which is very much smaller than one. The two terms
¢ Euo ¥y
in the summation differ by only a small amount, allowing them to be

combined, to a good approximation, and written as

N—I
pimy KT 57 stemd)(comg s ) cart
2 1112 )
h’w m=g {(T-nﬁ)-r' } /2 (t-i’h% 1 ‘g‘{([_mé)"_ PT )3

For times that are large compared to the signal lengths

B

plry I &ctpzo‘r{zt(mﬁ-h_r—“r.z)_ap }
R > r

2hw (ot p9% (ve efZPE)

(4-8)

A-3

NATO UNCLASSIFIED






NATO UNCLASSIFIED

DISTRIBUTION LIST

Supreme Allied Cornmander Atlantic
(SACLANT)
Norfolk 11, Virginia

Minister of National Defense
Department of National Defense
Ottawa, Canada

Chief of Defense, Denmark
Kastellet
Copenhagen @, Denmark

Minister of National Defense

Divisfon Transmissione - Ecoute - Radar
51 Latour Maubourg

Parie TE, France

Minister of Defense
Federal Republic of Germany
Bonn, Germany

Ministry of National Defense
Navy General Staff
Home, Italy

Minister of National Defense
Plein 4, The Hague
Netherlands

Minister of National Defense
Storgaten 33,
Oslo, Norway

Miniater of Defense
London, England

Scientific Adviser
Narth Atlantic Treaty Organization
Palais de Chaillot
Parie 16, France

Supreme Allied Commander Europe
(SACEUR)
Paris, France

Director, Mutual Weapons Development Team
Paris, France

Dr. Eric Walker, President
The Pennsylvania State University
University Park, Pennsylvania

Director of Defense Research and Engineering
Department of Defense
Washington 25, D, C.

10 copies

10 copies

10 copies

10 copies

10 coples

10 copies

10 copies

10 copies

18 coplies

5 copies

T coples

2 coples

1 copy

2 copies

Chief of Naval Operations (Ops 31, 32, 71, 07T)
Department of the Navy
Washington 25, D.C.

Office of Naval Research (Code 400)
Department of the Navy
Washington 25, D.C.

Chief, Bureau of Ships (Code 600)
Department of the Navy
Washington 25, D.C.

Chief, Bureau of Weapons (Code DSC 211)
Depariment of the Navy
Washington 25, D.C.

Director, Operations Evaluation Group (Op-03EG)

Department of the Navy
Waghington 25, D.C.

Director, Weapons Systems Evaluation Group
Department of Defense
Washington 25, D.C.

Commander

Operational Test and Evaluation Force
U, S. Naval Base

Norfolk 11, Virginia

Director, National Academy of Sciences
Committee on Undersea Warfare

2101 Constitution Avenue

Washington 25, D. C.

Commanding Officer
U. S. Naval Research Laboratory
Washington, D, C.

Commander

U. 5. Naval Ordnance Laboratory
White Oak

Silver Spring 18, Maryland

Commanding Officer and Director
U. §. Navy Underwater Sound Laboratory
Ft. Trumbull, New London, Connecticut

Director

Ordnance Research Laboratory
The Pennsylvania State University
University Park, Pennsylvania

Commander
U. S. Naval Ordnance Test Station
China Lake, California

NATO UNCLASSIFIED

4 coples

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 eopy

1 copy

1 copy

1 copy






Director
Hudson Laboratories
Dobbs Ferry, New York

Director
Woods Hole Oceanographic Institution
Woods Hole, Massachusetts

Director
Seripps Oceanographic Institution
San Diego, California

Commanding Officer and Director
U. 5. Naval Electronics Laboratory
San Diego 52, California

Commanding Officer
U. S. Naval Air Development Center
Johnsville, Pennsylvania

Director, Applied Physics Laboratory
University of Washington
Seattle 5, Washington

Oceanographer
U. S. Navy
Washington 25, D.C.

Scientific Advisory Council

Commodore H, J. Bahnsen
Sévaernets Televaesen
Lergravsve 55,
Copenhagen, Denmark

Mr. Homer R. Baker

Scientific Affairs Division

North Atlantic Treaty Organization

Place du Marechal de Lattre de Tassigny
Paris 6% France

NATO UNCLASSIFIED

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

1 copy

Dr. M. W. Van Batenburg
Physisch Laboratorium RVO-TNO
Waalsdorpvlakte

The Hague, Netherlandse

Professor Dr. Maurizio Federict
c/o MARICOMITARMI

Ministero della Marina

Rome, Italy

Dr. J. E. Henderson
Department of Physics
University of Washington
Seattle 5, Washington

Dr J. E. Keyston

Defense Research Board
Department of National Defense
Ottawa, Canada

G. Meunier

Ingenleur en Chef des Genie Maritime
Services Technique des Constructions et
Armes Navales

8 Boulevard Victor

Paris 15%, France

Dr. Henrik Nédtvedt, Superintendent
Norwegian Defence Research Establishment
Karl Johansvern

Horten, Norway

Mr. A, W. Rosas

Department of Physlcal Research
Admiralty, Whitehall

London, S.W.l, England

Dr. E. Schulze

Bundesministerium fur Verteidigung
Referat TII 3

Ermekeilstrasse 27

Bonn, Germany

NATO UNCLASSIFIED

copy

copy

copy

copy

copy

copy

copy

copy









NATO UNCLASSIFIED

NATO UNCLASSIFIED




