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ABSTRACT

In this paper a theoretical treatment is given of the short-distance
propagation and reception of a step-function in the presence of a con-
ducting half-space. The step-function is generated by a horizontal
electric dipole situated in the conducting half-space. First the wave-
forms of the electric and magnetic fields are computed for points in
the conductor, making use of Laplace-transform theory. Since the
vertical electric field is discontinuous at the interface its waveform
in points just above the conductor is derived separately. It appears
that for horizontal distances larger than three times the antenna depth
the attenuation of this vertical electric transient with distance is equal
to that in the harmonic case, viz. proportional to the inverse square of
distance. Moreover, smearing out of the signal as it is propagated in
the horizontal direction does not occur, contrary to that of the other
components. The waveforms of the vertical electric field and the com-
ponent of the horizontal magnetic field parallel to the antenna are
plotted.

The second part deals with the reception of transients by detectors
(e.g. coils) having a frequency characteristic proportional to some
power of frequency. It is shown that a rising frequency characteristic
(differentiator) may cause an extra attenuation of the transient as a
whole with horizontal distance while a falling characteristic (integrator)
reduces the attenuation. The response of a system witha w
characteristic is treated extensively. Finally an unproven hypothesis
is given, establishing a simple relation between the slope of the fre-
quency characteristic of the detector and the extra attenuation suffered
by the transient.
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INTRODUCTION

In the search for improved methods for detecting and classifying submarines
the possibility of using electromagnetic waves for this purpose is being investi-
gated. In this there are involved problems concerning the transmission,
propagation, reflection and reception of eleciromagnetic signals. These signals
need not necesgsarily be sinusoidal in their time dependence; also signals of a
different shape, here generally called "transients'', are possible and may some-
times even be preferred. Using this definition, every practically realizable
signal is in fact a transient since a pure sinusoidal wave has an infinite length.
In this paper the propagation and reception of a special type of transient, the
step-function, in the presence of a conducting half space, will be investigated
theoretically.

The problem of the propagation of electromagnetic signals over a conducting

earth was first treated by Sommerfeldl) in 1909. He gave the fundamental
integrals which describe the behaviour of the electromagnetic field, agssuming a har-

meonic time dependence. Since these integrals do not lend themselves easily

to numerical computations much work has been done by various investigators 2,3,4)

in order to find approximate expressions which are more suited for numerical
purposes. These formulas are usually valid for resiricted ranges of the various
parameters and variables involved, such as conductivity of the earth, height
above or below the surface and horizontal range. For the case of a horizontal
electric dipole situated in the conducting half space a fairly complete treatment

of this subject has been given lately by Banos and Wesleys), who in their paper
also give an extensive list of references to the earlier literature. Though they
also give solutions for other ranges their main interest is directed to the near
field, which is the case of interest in detectionef and short-range communications
with submerged submarines.

1) A. Sommerfeld, Ann.Physik 28 (1909), 665-737

2) B.van der Pol, Z. Hochfrequenz. Tech. 37 (1931), 152-157

3) H. Ott, Ann. Physik 41 (1942), 443-466; Ann.Physik 43 (1943), 393-404

4) S.0. Rice, Bell System Tech.J. 16 (1937), 101-109

5) A. Banos jnr., J.P. Wesley. The Horizontal Electric Dipole in a
Conducting Half Space. VolsI and II. (Scripps Institution of
Oceanography, SIO References 53-33 and 54-31). This paper contains
a fairly complete ligt of papers dealing with the subject.
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All these studies have in common the fact that they assume a harmonic time
dependence of the antenna current. In practice, however, transmitted signals
may have different shapes. Due to the large dispersion which electromagnetic
waves suffer in a highly conducting medium like sea-water the signal shape will
be, in that case, greatly altered during the propagation. This problem has more
recently begun to receive much interest, especially because of its importance in

geophysical prospecting. Wait, in one of his paperss), has given an extensive
survey of the existing literature, both of Western and Russian origin, on this
subject. In the same paper he treais the propagation of transients generated
by a horizontal electric dipole, limiting himself, however, to the description of
the behaviour of the electric field in the case of excitation of the antenna with a
delta-pulse. As mentioned above, the paper here will be concerned with the
propagation of step-functions, this being a basic type of signal from which other
signal shapes (square pulse, repetitive square wave) can be derived by super-
position. In addition to the electric field components the magnetic field
components also will be derived for points of observation in the conducting
medium and at the interface. Since all components are continuous at the inter-
face, except the z component of the electric field, a separate expression has
to be derived for this component in points lying in the non-conducting medium
just above the interface.

In addition to the effects of propagation the signal shape may also be
influenced by the frequency response of the receiving equipment. This will,
in general, occur when the response of the receiver is not flat within the
frequency range occupied by the transient. A simple example of this is the
reception of magnetic signals with the aid of a coil. As a result an important
quantity like the range dependence of the signal amplitude, as obtained from a
recorder connected to the output of the receiver, may differ greatly from that
expected on the basis of computations which only take into account the propa-
gation of the transient and do not consider the influence of the receiver. It is
felt that this important fact is often not fully realized.

This paper is divided into two major sections. Section 1 will be concerned
with the derivation of the responses of both the electric and the magnetic field
to a step-function excitation. In Section 2 the influence on the signal shape of
a few simple receiver characteristics will be examined. Some mathematical
details will be found in the Appendices.

6) J.R. Wait. Appl.Sci.Research B8 (1960), 213-253.
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Section 1. Propagation of Transient Signals

1.1 Theory

In the following a cartesian coordinate system will be used with its origin
lying in the interface separating the two media. The conducting medium (sea

water in the case of interest) with con-
ductivity o and dielectric constant §g,,

will occupy the half-space z » 0, while
the half space z { 0 is non-conducting
and has a dielectric constant &, .

The magnetic permeability A, isthe

same in both media. An infinitesimal
electric dipole of length dl is situated
on the positive Z-axis at the point
(0,0,h). Its direction is parallel to the
X-axis, as indicated in Figure 1. The
point of observation, P, will be des~-
cribed by its coordinates (x,y,z). All
quantities bearing relation to the non-
conducting medium will be denoted by
the subscript zero, those related to the
conducting medium will bear the sub-
script 1. The MKS unit system will be
used.

( DIELECTRIC )
(conpucTor)

A EAY
.D(x.l.],z )

Y
&

Fig.1l. Coordinate system with
dipole in conducting half
space.

As shown by Sommerfeldq) the fields may be derived in the case of a

horizontal dipole from a Hertz vector [}

possessing both an x anda z

component, given for the non-conducting medium (z { 0) by

7) A. Sommerfeld, Vorlesungen uber Theoretische Physik, Band VI.
(Dieterich'sche Verlagsbuchhandlung, Wiesbaden, Germany, 1947).

pp. 260 ff.
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and for the conducting medium (z ) 0) by

-NR
dE —-XIFRI 1 Ro =0 ,_u‘(z.+l'\)
M = = Ire- o +zj 5

o

™ ——
=D TO

Jo (Np)hdX

]D(;P)xax}

ERIN- 5 |_ R, R W, + W,
I‘I“_‘ = 1
_u,(z+h)
Icll f (.I..&,—-Un-o)Q el
rllz, = - 2o DX u,+¥, 30 L)\P) >\ d)\
where
pi= xteyt V= -2, wt
'-R3‘-= Pa‘{z+lﬂ)z Xlz-': LU‘/""ow"El ot (o
'R?r-‘p"i-(Z*‘Hz wr= N+

Eq-(1)

Eq.(2)

Eq.(3)

Eq.(4)

I denotes the current strength, A is a variable of integration and w represents

the angular frequency.
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In Equations (1) to (4) displacement currents in the conducting medium have
been neglected which is equivalent to neglecting _‘_"FEL compared with unity. In

the case of sea water this is permitted for frequencies below 10 Mc/s. It can
readily be shown that the Hertz vectors, as given above, satisfy the boundary
conditions at z = 0:

Yoz Ua= Yli Dt

x:. 3ncs= Yl,‘ 10 £ Eq-(5)
2z k3

di.\’ [.-.16 —] di# D.

The eleciric and magnetic fields are derived from the Hertz vectors according to

E, = =¥ [] qrad. div [ Eq.(6a)
H, = ig,w curl 0, Eq-(7a)
E, =-¥'M, + grad. div [, Eq-(6b)
B, = e curl 0, Eq.(7b)

As a further approximation it is assumed that K, ~ O i.e. that the wave-
length in air is infinite. This assumption is justified as long as ranges of
interest are small compared to one free space wavelength. In the case on hand
where attention is restricted to ranges of a few nautical miles this holds for
frequencies up to a few kilocycles per second or, in the transient case, for times
longer than about 1 msec. This is the only limit upon the validity of the results
which will be derived in this paper. To this approximation Equations (1)-(4)
become

T d¢ z-uh

ox ' Tris w B o LAY jo()up) A dA Eq.(8)
Al 3 1% h. ey
a0 Y Az-w
oz T aris,w ¥t 3:(/0(“_ \) e J" (')\F'3 ) Eq.(9)
muh\ moD ~
NATO rl:\”{ ffrn TO
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T dt e 1 e L] —u. 'l.+
(z>e)
T dl ) 5 —ul=+ h)
nl?. S Q2T o 5:. X A (u-_'-k) e Jg (’\P) Cl)\ Eq-(ll)
where the subscripts from lﬂ and W, have been dropped for brevity's sake.
Equations (10) and (11) may be written as
= 4 N ¥ (2N
Plixs Yo [—R - 'zﬁ"'%‘ yz* ('E - B4 Eq.(12)
where the following abbreviations have been used:
% g~ (z+
N = / j O‘P)d)* Eq.(14)
~ ¥R, o0 _u, lz-l-‘\)
=B —
‘Po = =, —-/ﬂ J ()\P) X dA Eq.(15)
= - ¥R,
BV — Eq.(16
: R, q-(16)
The second equality in Equation (15) has been demonstrated by Sommerfeld8>
while for N , Magnus and Oberhettingerg) give the following expression:
N = In[JiY{"R,, - (= +-L|)}:| Ka I:%Y{FR.’*(Z-FH)}] Eq.(17)

8) A. Sommerfeld, op.cit., reference 7, p.243
9) W. Magnus, F. Oberhettinger, Formulas and Theorems for the
Special Functions of Mathematical Physics. (Chelsea
Publishing Co., New York, 1949). p. 133'3(.]:‘.2 |
ich, \DED TO
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where Io(z) and Ko(z) are modified Bessel functions of order zero. It can

furthermore be shown that the functions Po’ P, and N all satisfy the wave

1

equation ke

¥ N 2 2
(Bx‘ +?3‘ = J )E =0 Eq.(18)

With the aid of Equations (6), (7), (12) to (16) and (18), the following expressions
for the field components may be derived.

S %[‘(—g t aa;) (P -7) -2 f:" + 2 3;N.az] Eq-(19)
E‘tl *’iiﬁ' l:a::;ﬂ (Fl '"Po) -2 3:-:;-52J Eq. (20)
o “«’-f:f. -ailaz ('P, +'Po) Eq.(21)
Hix % - ::-srd:g afszﬂfaz ( 2: +P'°) Eq.(22)
Hy = T:ncv'-a [—'Sa; & +E) % %,. ::a'az 31 +—P¢',):r Eq.(23)

rde[ 2 P i T N o
hes Bt [ ) el -5 2o G R) s

At the interface z = 0, all components are continuous except the vertical com-
ponent of the electric field. Therefore the behaviour of this component at
points situated in the non-conducting medium just above the interface cannot be
derived from Equation (21). Using Equations (1), (2) and (6a) it may be shown,
however, that

T df '33N
oz (= =a) ®l aawre ax2zr e
z=0
I?OWN(IHA DED TO
ATO Ui\'("L,-'tSSI FIED
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In deriving Equation (25) one has to wait until the various differentiations have
been performed before setting !,-,zo , since otherwise incorrect results will be
obtained.

All formulas given so far apply to the stationary case, i.e. the case where
the antenna current i(t) = io exp (iwt). If, however, i(t) is not sinusoidal

but a transient, the response of the electromagnetic field to such an antenna
current can be found with the aid of Laplace transformation. According to the
rules of Laplace transformation the current is considered as a function of
frequency I{iw). This function is obtained by taking the Laplace transform
(symbolically denoted by the operator L) of i(t):

Tlw) = T(p) = BHO =j°q;'|°* ilt) dt

where p = iw , and assuming that i(t) = 0 for t < 0. After having replaced
iw by p throughout, Equations (19)-(25) give the field components as a
function of p . Their behaviour as a function of time can be obtained by taking

the inverse Laplace transform (indicated by the operator L-l) of Equations
(19)-(25). If for example elx(t) denotes the x component of the electric

field as a function of time it is obtained from
C+{ oo
- ':t ‘
QIK('E) = L { !x (\5)} . E'IK (")) dP
C—too

In this paper the response of the electromagnetic field to a special transient,
the step function, will be investigated. In the time domain this function is
described by

k) = T. ult)

o t <o
ulﬂ={ .

| £ %0

where

In the frequency domain it is represented by the function -I{- . Examination of

Equations (19)-(25) reveals that in the expressions for the field components
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the only quantities occurring are derivatives with respect to the various spatial

A N ).

coordinates of ——

? P& 7 P 7 r |:2. .

and ——, since Y = (Ot = G'/‘*a}:

Since the operations of Laplace transformation and differentiation with respect
to spatial coordinates commute, it will suffice to compute the inverse Laplace

transforms of the aforesaid five quantities. According to Erdélyi et al

L_,{"a;r)}=% Eqcd (xf)

L - e )

[ijl——i%'@% :%[( \+z\o>Er?C (XL:)_% ‘:i QH)‘}

where
2 RE a R} ¢
xa = T )l = T T =/u_.;3"-
and

- =] t:-
Erfe x ="—/ e” dt
ﬁ X

10) A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi,
Tables of Integral Transforms (McGraw-Hill Book Co.Inc.,
New York, 1954). Vol. 1. pp 245, 246.

NATO IJ:\-'L"L.- ; \ SIFIE
NATO RESTRICTED Al

Eq.(26)

Eq.(27)

Eq.(28)

Eq.(29)
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In the same tableu) it is found that
- T S
L {N(b)k=?{-‘ e T8 Re>0, z+thyo

where

B

s bl " ! Iy
8t b

Using the well known theorem

I}

t
L {5, G6). £, ()} ['Fl o B lalds

where

£ Lp) L ¥, wl

h

£, (p)

1

L{F, t)}

one obtains

2

t < 28 g,ig ik
iR S, T, %)

/ T dt
11) A. Erdélyi et al., op cit., reference 10, Vol. 1, p. 284.
mNGRADED TO
UNCLASSIFEp
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The integrals on the right can be transformed by setting /i‘:%_ﬁf = X
(not to be confused with the coordinate x), thus giving
= N
# {—}(}2} = ML la %) Eq.(33)
1wl
L {T =‘%;1':[M_. [a,?)-' EN_; {a.,f):l Eq.(34)
where the function M (a, § ) (n integer) is defined by
Mh(&,i) =[x“e._ﬂM Io(x) d x Eq.(35)

For use in the final results it appears profitable to introduce a related function
Nn( a, ¥) defined as

£
N, [q,i) =fx" &~ T (x)dx = M, (a,o) - M. [&,?) Eq.(36)
a >

12)

The function M (a,0) can again be found in a table of Laplace transforms

12) A. Erdélyi et al., op. cit., reference 10, Vol. 1, p.196.

mWNGgA DED T
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o0 —é(hi—l)
M., (a,o) = jﬁx“e_"‘lx T.(x)dx = Tlp+) (0@'-—-!) B (T;%ST) Eq.(37)

a>|

In the final results only those functions occur for which n =0, 1, 2 or 3.
For these specific values of n, Equation (37) gives

M, (ae) = (ator)? _ o ladm)”
3
M|l0~,0) = a(aﬁ-_,,)'—:‘ = Pﬂ([)t*_zdl)(z‘l.\?.)—i
Eq-(38)
= o az\
Mlase) = Gaotrdlata) = = ptls pta gt 82) (GaR,)

Pl

308 (242d) [sp + g2+ 849 (adR.)

M, (a,o) = 3(1(1&"1-5)(&"— ) )H

where use has also been made of Equation (31) and the quantity z + h has been
denoted by d , which notation will be retained throughout the rest of this paper.

Since in Equations (19)-(25) L_’ {\," N(P)} and L-‘ { }’—a. Nlla)}

do not themselves occur but only their various spatial derivatives, the simplest
of these derivatives are given here

fth = ) é 2 . n+tl __a_'g
—%—'— _?[2([,) Mh.ﬂ lg e Iﬁlg):l

P
Eq.(39)
WM. ud 4
Ty S P L
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in which the arguments have been dropped. From these the higher derivatives may
be derived without difficulty. Further properties of the functions Mn(a, ¥)

and Nn( a, § ) are given in Appendices A and B. Since neither of the functions

has been tabulated as far as the author has been able to ascertain, the function
Nn( a, § ) has been programmed for computation on the ERA 1101 computer.

1.2 Results for the Field Components

In Section 1.1 the theory has been developed sufficiently far to render
possible the computations of the field components, starting from Equations
(19) to (25). The actual computations are straightforward but tedious. There-
fore only the final results will be given, first for the general case, then for the
special case that both dipole and observer are situated at the interface,

i.e. z=h=0. For the sake of brevity the following abbreviations will be
used besides those already defined in Equations (29), (31), (32) and (36):

A & ~

m() = .5Er-(-‘c.()t_;‘) +%)\%'(3+&_>~) e.ﬂ)‘

kL)) =24 \% o._')\

s

]

F(g,x)

21y Lx)ND-q(%)z(8+91)N. . 4(%?(15»{ XN, - > Eq-(40)
=ik (%)" Ny+§ (ax-)* 1, 8)

6 ($.0) = aN, - 8N, + 4(%)“N1~z§(1- )Pk h L

T A il 5 L B | S

Using this notation the following expressions are found for the field components
(again dropping the arguments of the Nn( a, § ) in places where no confusion
can arise)

DQWNGRADED TO
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wt <22t |l sG] R -G R+

V-4 ey -2 Y

+

+ %}T i =N, +2 (ﬁl?-)le +3 e.—o‘tIo@)‘* 2(%)1G‘LE,I)H

Eq.(41)
e t) = :E:f_xj[ ‘“_';;"°)+ '“_é’;) = ";f Cv(f.x.)] Bq. (42)
o) = 28t [ Z‘*:,; (he) + le;. - (x.)} e

holb) =- -';il !j[:j?f { %= m(ko\} + %im(m =Rl )=
—6—6’(%),‘— z(%)Ymuf:'Tg F(?,I)J )

hylb) = =48 L:ﬂgi [1- s [s-m0u)] ~2- G -
_(%)"l:m(xo) k)~ L -5 - :(%—ﬂ} -+ %‘lmh.\-k(x.)}Jf

S A SR RE R TN | RS

DOWNGRADED TO

NATO UNCLASSIFIED
NATO RESTRICTED



NATO RESTRICTED
DOWNGRADED TO

NATO UNCLASSIFIED 1%
T d4¢ | { (cl “ me) -3 L om O =k)
‘1'1‘.0= 'j b .73 I—S'?; T+? __E_:,
A ¥ - k) -3 5
£ (?) =z Eq.(46)
+-g— {EN —1(.3+51)N|+1F) (S-WI)N c?('{i‘)q 5+2§:. e & (g)}]
p
and finally for the vertical electric field in air, measured at points at the
surface:
e | A spth (h)’- h)‘{
& b)) =S =Sl q'pj‘"N“w? NI—E’(P N, +
h)s] -af
+§{|-q(9) E}o_ I°(§):| it

Several partial checks on the correctness of Equations (41) to (47) are
possible. In the first place differentiation of Equations (41) to (43) with respect
to time gives the response of the electric field to a delta-impulse excitation.

The results thus obtained are essentially identical to Wait'slg) equations (101)

to (103)*).

Secondly, Equations (44) to (46) each contain a few terms proportional to
- =
A,, =';|‘TR° *  which would tend to infinity if t — o0 . It can easily be

shown, however, that the denominator of these terms is of a degree in T
higher than 1 which makes them vanish for t —» eo .

13) J.R. Wait, op.cit., reference 6.
*) A slight difference is found when the derivative of elyst) is taken,

viz. a factor xy(z + h)/T t is found where Wait gives xyz/TSt
Since in the expressions Egs. (10) and (11) for rllx and nlz

the observer depth z only occurs in the combinations
z+h or z -h, however, the first factor should be the correct one,

DOWNGRADED 10
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In the third place Equations (41) to (47) each contain a few terms which are
independent of T . These terms do not vanish for t — oo ; they give the
static fields which would be generated by a horizontal electric dipole fed with

14)

direct current. These fields have also been computed by Bafios and Wesley™ ;
after the necessary modifications in notation and direction of coordinate axes
have been made their expressions are identical with those obtained from
Equations (41) to (47) by letting t —s

Examination of the behaviour of the solutions for t —> 0( ¥ X, )\, and
A —> 1) has not much sense because Equations (41) to (47) are not valid for
times much shorter than 1 msec. Nevertheless one can easily check, keeping
in mind that Nn(a, oo ) = Mn(a, 0) and using Equation (38), that for short times

the solutions Equations (41) to (47) tend to zero when z +h ) 0. When
z=h=0(i.e. a=1) this is not the case anymore, for reasons outlined above.

A special case of interest is formed by the configuration where both trans-
mitting antenna and observer are situated in the interface, i.e. z=h =0,
a=1. While deriving the field components the condition a » 1 has been
encountered several times (cf Equations (30), (31) -(38)). This condition is

necessary to ensure the convergence of integrals of the type fx" ex}p (~ax) T x)dx

In the final formulas for the field components, however, the way in which these
integrals occur is such that their divergent paris cancel so that their sum
remains finite. Since all field components, except Ez , are continuous at the

surface and also since no discontinuity in their behaviour is expected when the
dipole is raised to the surface (i.e. h —> + 0), the condition a > 1 can be
dropped in Equations (41) to (47). The field components then become:

2 2

Y % Lo —;3 [z —s(ir) F 5 {m (2%) - k(af)” Eq.(48)
¢ x

ey lt) = -’ﬁrr P‘-if Eq.(49)

14) A. Banos jnr., J.P. Wesley, op. cit., reference 5, Chapter IV.

DOWNGRADED TO
NATO UNCLASSIFIED

NATO RESTRICTED



NATO RESTRICTED

DOWNGR ADED T "
3 4 2 0
NATO UNCLASSIFED
e, t) =0 Eq.(50)
Tdl x =
h,, (£) & e -P% e g{I.,(i)htI.(‘i)} Eq.(51)

]

hig ) =S 2 e"g[L(z)+Lt?)—nFﬁ:)’{x,,l%)arz?t.(s)ﬂ Bq. (52)

[32.
T dP 3-m (2%)
hlzl{') S -§§|t——§'— +%’{mhf)~khi)}:| Eq-(53)
L= lt):' — 1::Q %E e_-f L, lf) Eq.(54)

where use has been made of the relation

NG9 = S o) + 1,19} Eq.(55)

a proof of which is given in Appendix B.

1.3. Discussion

The general expressions Equations (41) to (47) are so complicated that it is
very difficult to draw any conclusions concerning their behaviour without
numerical evaluation of the formulas. Since these computations are very time

consuming only two vectors, hlx and 8 will be examined in more detail

here. But first some general remarks can be made.
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NATO RESTRICTED UNCLASSIFIEL



NATO RESTRICTEDYNGRADED TO
NATO UNCLASSIFIED 18

As was already mentioned the quantities z and h never occur by themselves,

but always in the combinations z+h =d or z -h . The vector hlx is the only

one which contains only z + h and not z - h. Therefore in the case of this
vector only the sum of the antenna and receiver depth is of importance, not the
individual depths themselves.

The angular dependence in the horizontal plane is different for the various
vectors. If ¢ is defined as the angle between the X-axis and the line connecting

the projection of P on the XY-plane with the origin, eoz and elz vary like

hlz like sin? p ely and hlx like sin 2? while 1y and hly display

an angular dependence of the form a +b cos 2¢

cosq; >

When looking at Equations (48) to (54), valid in the case that both dipole and
observer are situated at the surface, it is seen that all components show a finite
rise time except eoz(t) and ely(t) . Of course these vectors will possess a

finite, albeit very short, rise time too, since for very short times the assumption
¥~ o0 is not allowed anymore.

Another quantity of practical interest is the dependence of signal strength
upon horizontal range @ . Here it is already difficult to draw conclusions
without numerical computations, as will be seen in the case of the vector eoz i

First of all the signal strength is defined as the maximum value which a field
component, considered as a function of time, may assume. For most components
this will be the value reached as t—> ® but others may reach their maximum
earlier and then decrease towards their stationary value as t —» o . Numerical
computations show that for p>» d the x component of the magnetic field decreases
like the inverse square of range, i.e. h (t) «< p 2 . This is also what one would

expect from examination of Equation (44). In Figures 2, 3 and 4, hlx(t)

has been plotted for different values of the parameters. (All figures have been
plotied on a logarithmic scale because the variables and parameters of interest
vary over large ranges. In order to obtain a correct impression of the true
shape of the signal, replotting on linear scales is advisable). It is clearly seen
from these figures that as increases the field strength needs a longer time to
reach its final value: the signal is smeared out. This is also seen from the
formulas: time never occurs alone but always in combination with the square of
a distance. When all distances are increased by a certain factor time must be
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Fig. 3. The component hlx(t) vs time

for various values of the combined depth
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increased by the square of that factor to preserve the same signal shape. This
smearing out makes detection of the signal more difficult and in the case of
communication reduces the rate at which information may be transmitted.

Examination of the formulas without numerical computation may easily lead,
however, to incorrect conclusions, as is seen in the case of the vertical electrical
vector eoz(t) . From Equation (47) one might conclude that eoz(t)ct P i but
numerical computation shows that the maximum value of eoz(t) (i.e. the signal

strength) C e A . Since this vector shows still other interesting properties it
is worthwhile to examine its behaviour a little further. In Figures 5 and 6
eoz(t) has been plotted as a function of time for various ranges and antenna

depths. It is seen that the maximum value is reached rather quickly after which
the field strength decreases again. The time tmax at which the maximum is

reached can be found by differentiation of Equation (47) with respect to time, from
which it results that

£ max ~ Yh*
or T = 4h2
max
d t =+ h2
arn oy = —z-).;,c' -

100030% Meltyfn)-tampsnl’ ot '

BIt | :
1}l!

I T S 5 o0 B m gy w0 g

['1] [ [T} 1 z 5 10 W 50 gpg 200

T
(msec] 000 o

Fig. 5. The vertical electric field Fig. 6. The electric component e (t)
in air, e (t) =-1d¢. B(t) cos@ Vs ve time for various antenna depths

time for various ranges . h and observer at the surface. Horizon-
Antenna and observer at the surface. tal distance P 500 m.
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Thus tmax only depends on the depth of the antenna, not on horizontal range,

and the pulse is not smeared out as is the case with the other components. The
way in which the height of the maximum of eoz(t) depends on p cannot be

determined analytically but must be computed by numerical means. The maximum
value of the part of Equation (47) within the square brackets is denoted by Q(h/‘: )

and has been plotted vs hf? in Figure 7. It is seen that for %g 0,8, 1.e.

P % 3h, the quantity Q(h/? ) is proportional to (h/q )_1 , so that the maximum
value of S (t) itself decreases like the inverse square of range. For points of

observatlon closer to the dipole a different range dependence of the signal streng‘th
(a more rapid fall-off) is found. Figure 8 shows a plot of B (t) for a fixed

antenna depth and various ranges which illustrates the fact that tmax does not

depend on horizontal range.

m%}za — { - - - m::t-:,w_uwmm-mr‘, T o
0 \\ |
5 \\ 10 :
\ ;
1 \\ os
05 ? \ [ ¥
' \ oa
£ o ' \\ 0.05
01 0.01 - — S —
001 002 0.05 01 0.2 05 1 2 o1 @ o5 ] o ® S0 00 200 Tmsee] 100
ol % Urnax
; h
Fig. 7. Q"/p ) as a function of h/f, ; Fig. 8. The electric component
See text. e (t) vs time for a fixed antenna

depth of 50 m. and various
ranges P . Observer at the sur-
face. The abscissa of the maxima
is independeqt of ?
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Table I summarizes the results discussed above and for the sake of comparison

also lists the range dependences for sinusoidal signalsls), the frequency of which
satisfies the inequalities K,P {1 and &P)) 1. (For a horizontal range of a few
thousand meters this means any frequency between about 10 and 5000 cps).

Component Step-function Sine-wave

®oz ? f
hlx § P

Table I

Range dependence of signal strength for
a step-function vs. sine-wave signal.

From this table it is seen that the vertical electric vector in air, eoz .

possesses very interesting properties with regard to the transmission of informa-
tion from a submerged dipole to a receiver at the surface of the sea. For sine-
wave signals the attenuation of e with horizontal range is less than for any of

the other electric or magnetic componentsl5). In the case of step-function-like

signals the attenuations of € o and hlx with horizontal distance are equal but

the electric signal eoz(t) is not smeared out, as is the case with the magnetic

(t).

signal h o

15) A. Bafos jr., J.P. Wesley, op. cit., reference 5, Vol. I, p. 199
and Vol. II, p. 126.
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SECTION 2. RECEPTION OF TRANSIENT SIGNALS
2.1. Possible Detectors.

In Section 1 it was seen that during the propagation over a conducting half-
space not only the amplitude but also the shape of a transient is changed. In this
section the influence of the equipment used for reception of the transient will be
investigated.

In the receiving equipment three parts can be distinguished:

(a) detector
(b) amplifiers and signal processing equipment

(c) display equipment.

Considered from the point of signal shape deformation part (c¢) will not present
many difficulties. It will usually consist of a recorder with a flat characteristic
in the frequency range of interest. Part (b) may consist of anything from a
simple high-gain amplifier to a complicated signal processing equipment and
therefore will not be treated further. Part (a) can be divided into detectors for
the reception of electric signals (antennas) and detectors which detect variations
in the magnetic field. In this section attention will be focussed on detectors of
the second kind, since they are widely used and their response may be strongly
frequency dependent.

The frequency dependence of magnetic detectors depends on the type of
detector used. The response of alkaline vapour magnetometers, for instance,
is usually flat within the frequency range of interest. Such a magnetometer will
not alter the shape of a transient received by it and therefore need not be con-
sidered further here. Frequently, however, coils are used for the detection of
changes in the magnetic field. Their frequency response will depend on the
material used for the core and on the coil impedance as compared with the input
impedance of the amplifier following the coil. In some cases the input impedance
of the amplifier is very high so that the coil impedance has no influence. For a
harmonic field variation an air-cored coil will then give an e. m. f. proportional
to frequency according to the law of induction

ec—j—f = Lw B
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If the field variation is a transient the output signal from the coil will be propor-
tional to the time derivative of the transient. A magnetic field varying like a
step-function will thus give rise (in the idealized case) to a delta-impulse at the
output of the coil. The mathematical description of this case presents no
difficulties.

Things become more complicated when a core of ferromagnetic material is
used, especially when this core is not laminated and eddy currents can occur.
This is, for instance, the case with the mine coils used by the Electromagnetic
Group at this Center in propagation experiments. Experimentally it has been
found that the frequency response of these coils in the frequency range of interest
is roughly proportional to w* . The problem of determining the response of
these coils to transient variations in the magnetic field may be solved analyti-
cally but there are some mathematical difficulties. This case will therefore be
examined here in somewhat more detail.

2.2. Transient response of coils with a frequency characteristic
proportional to w* .

The computation of the transient response of a coil with a frequency charac-
teristic proportional to w* to simple field changes does not in principle present
great difficulties. Denoting the frequency spectrum of the input signal (i.e. the
change in the magnetic field) by @ (p), the spectrum F(p) of the output signal
(i. e. the emf generated by the coil) is found by multiplying the input spectrum

by Sp'I (where S denotes the sensitivity of the coil)

Fp) = SPEQ

The output signal in the time domain f(t) is then found by taking the inverse
Laplace transform of F(p).

e = L' {Fp} = s )]

e.g. the response of the coil to a unit step at t = 0 in the magnetic field is
found from

f(t) = S.L-‘{Fi. 'a-'} = S.L_‘{ Fi} = 5.11'-{ tpé Eq.(56)
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which is a pulse with an infinitely steep leading edge and a comparatively slow
1

fall off proportional to t 2(Figure 9).

H(t]t e(t)v
/

1
Fig. 9. Response of a coil with frequency characteristic « w?

to a unit step in the magnetic field.

It is of practical interest to compute the output signal for the case in which
the coil is being used to detect a signal from a horizontal electric dipole excited
by a step-function current. To this end it is assumed that both coil and dipole
are situated at the surface of the sea at a distance p f{rom each other, and
that the line connecting them makes an angle ¢ with the dipole which is
supposed to be oriented along the X-axis. Moreover it is assumed that the
coil is oriented in a direction parallel to the X-axis, so that the change in the
magnetic field detected by the coil is given by Equation (51) for hlx(t). In

polar coordinates this equation is

h.xlt) = = ch_:: 5.'“P:tp &_E{Ialg)-i-a.']:,li)} Eq.(51a)

where as before

g - MoTp”
gt
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In principle the response e(t) of the coil to this signal may be computed from

elt) = S. L"lr[f2 £ h\‘,u:)}]

The computation of the inverse Laplace transform of the expression within the
square brackets is, however, very complicated. Therefore a different method
will be followed here. This method has the additional advantage of providing,

at an intermediate stage, an integral representation for e(t) which for large ¥
(short times) can be expanded asymptotically, thus providing information con-
cerning the behaviour of e(t) for small t. The final result will be an expression
of e(t) in terms of generalized hypergeometric functions.

To this end use is made of the theorem mentioned on page 10. Denoting the

1
inverse Laplace transform of the function p* by fl(t) 7 "lags

() = L'}

the theorem would run in this case
* ¢
et = S| b O] -5 [6 te-x) hiale) as . (57

Unfortunately it turns out that from the straightforward application of this method

a divergent integral results. The reason for this is that the inverse transform
]

Lﬁlipa‘l does not exist in itself but only as the limiting case [3—»0 of the more

general transformls)
|
1y _alpl 3 Wi e B ) z
Ei{‘;e FF } =2 :“ i([f*‘tt) 2 (Pa.+{a.)=-_1{_ (p‘+*=")‘+t Eq.(58)

16) G.A. Campbell, R. M. Foster, Fourier Integrals for Practical
Applications (D. van Nostrand Co.Inc.,Princeton, N.J. 1957).
4th ed. p. 75.
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The correct procedure would be to insert Equation (58) into the integral in
Equation (57) and integrate before letting ﬁ-)O, but then the integral becomes
too complicated to solve.

The problem can be solved, however, in the following way. The coil
(Figure 10a) is replaced by two systems, connected in series (Figure 10b).

9@ dg()

P —-—e(t): aF

h)o] S.p%  |eet) L] & %

(a) (b)

Fig. 10. Replacement of the coil by a series connection of two other
systems which together have the same frequency characteristic.

The frequency characteristic of the first system is given by the function S- p %,
while the second system is a normal differentiator, having a frequency charac-
teristic p . The net effect of the two systems in series is therefore the same

4

as that of the coil with frequency characteristic S*p® . The inverse transform

.0
of the function p * exists and has already been given in Equation(56). The
signal at the output of the first system is then equal to

¢ \
g‘('l:) =Sw™2f(t-) % "'m (€) 4« Eq.(59)

This integral converges. The output signal e(t) of the second system, which is
identical to the signal obtained at the output of the coil, is then found by
differentiating g(t) once with respect to time, an operation which can be per-
formed entirely in the time domain.

After this outline of the procedure to be followed the signal e(t) is computed
as follows. Substitution of Equation (51a) into Equation (59) gives for g(t)
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W)=~ s Tt Suze, /(t-r R ey s ) de

C(Ptp §/ ""(x.—-f)i 3 iI,,[x)h!.I.lx)kdx Eq.(60)
where
.- 3 ~ dE sin © z
x=/u._‘?1_:_£>_ C[?(P)-—- = Pztp}grtr).s

Before solving this integral exactly it is worthwhile to investigate its behaviour
for large ¥ , since, from this, information can be obtained concerning the
behaviour of e(t) for small t.

For large values of their argument the modified Bessel functions in
Equation(60) may be replaced by the first few terms of their asymptotic expan-
sions

o i g9
I,,(x)f-—ju_“,xi(l—i- r ¥ mEea * o )

g 3 2 Eq.(61)
e
I‘ lx) (2= ) (' T P®x  ndx~ )

Inserting this into Equation (60) an asymptotic expansion for g(t) is obtained

£ ) ~ (-ﬂr)’C(Fq»Rf ~+(x-5) (——— 2 —) dx

fx  1a8x*

4 ee)s (15 - )

and after differentiation with respect to time

-4 3(“)cwzu—f’r¢-(l—,zg~.:.;.f;a—----->

_ XAk sinap 3 S( los” _)

TTTNW S T or (o)t T oz e Eq. (63)
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With the aid of Equation (32) this expression can be written as a series in
ascending powers of t:

2

Tdl sin2p 3 5 ¢ josf t
elf)f\" qm Pg L/-oﬂ‘)i S{I—.T/ulp"?i- ey )"“‘"Pt)— """ } Eq.(64)

For large times it is profitable to express e(t) in terms of Meyer's
G-functions, which can be expanded into a series of ascending powers of § .
(The most important properties of these G-functions, which are a generalization
of the hypergeometric function, are listed in Appendix C). To that end one uses

17)

the relation

P

£

Bjw

-1 o )

! 3 1
—R - $. 1 -2
R AN Fae ot s
which upon substitution in Equation (60) gives

0= etes|Gls] s 5 Dee@le S )| sec

L]
o
Differentiating this expression once with respect to time one obtains for e(t)

o e -l i
elt)=3 a.(‘.l?q)[-rﬂ( jos é)+z(}“(zi|% s “%)_
Tdl sinap 2S [~ a1 G \
A l/u.en_)i[crﬁ-( §)+2G-,.5(ZZI% 3 "Il')J Y=L 0T

For a numerical computation of e(t) it is necessary to expand the G-function
into a power series, giving

Il

17) A. Erdélyi et al., op. cit., reference 10, Vol. II, p. 207
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1

Y Iq«.:ler Eulhaﬂ.l‘p 2S ( ) s%, | l‘_.:r_z(_)n-l I (hri) (2_{)“.

P> (o) net MF*(ns)(n+2)
[ k() [ n(e3) HY(M;,)-W(M.)]] . (68)
nt
where the function ¢(z) is the logarithmic derivative of the gamma function
i
g () = =) b=
r(z)

A more detailed derivation of these results is given in Appendix D.

1
From Equation (68) it is seen that e(t) = O( §*) as §— 0, i.e. that

1
e(t) approaches zero like t  as t—»oo . With the aid of Equations (64) and
(68) it is now possible to draw a qualitative sketch of the signal as it may be
measured at the output of the mine coil (see Figure 11. In reality the pulse will
of course have a finite rise-time be-
cause at frequencies above a few
hundred cycles per second the res-
ponse of the coil is no longer

proportional to w®* , but flattens
out.) -e(t]

Another important feature of
e(t) which follows from Equations
(64) and (68) is its dependence upon
horizontal range @ . The field
variation hlx(t) giving rise to the

emf e(t) varies itself as the
inverse square of distance but the
emf e(t) generated by it varies as o i, |
the inverse cube of P . At first

sight this seems paradoxical. The

explanation is that during Fig.11. Shape of the signal “e(t)
propagation of the transient along at the output of a detector coil with
the surface of the conducting frequency characteristic € w

medium the higher frequencies at
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first present in the signal are attenuated more quickly than the lower ones.
During detection of this signal with a coil which has a frequency characteristic
proportional to a positive power of the frequency, the lower frequencies are less
well transferred by the coil than are the higher frequencies. These combined
effects result in a higher attenuation of the transient as a whole than would be
expected on the ba31s of the propagation laws alone. In the case of a coil giving
an emf e(t) d.‘. H this extra attenuation is even more serious. Since d/dt =

-8 ()too’P 24 g d/d§ the influence of such a coil on the range dependences

of the various field components, as for instance given in Table I for the case of

hlx , can be described as multiplication of these range dependences by a factor

P "“. The same holds of course for differentiating electronic equipment placed
behind the detection coil. On the other hand, it is seen from Equation (66) that

1
! -1
a characteristic @€ W 2 would give an overall range dependence « P = for hlx(t),

i. e. a reduction of the attenuation.

The truth of these statements is in fact only apparent in the case d = 0,
i.e. the case where the signal depends only on P and t. If d # 0 matters
become more complicated since the signal received does not depend on d itself
but rather on the ratio d/p . which ratio decreases when P is increased
while d is kept fixed. This effect may partly compensate the increased atten-
uation with range caused by the detection coil. This behaviour is more or less
analogous to that of the vertical electric field eOZ(t) where as one has seen, the

decrease of the ratio d/? reduces the attenuation with range from an inverse

cube to an inverse square law. For a more quantitative description of these
phenomena a detailed numerical analysis of the problem is necessary, which
will be refrained from here.

The result derived above concerning the change in range dependence of
transients received by detectors having frequency characteristics Cwi, Cw
\
or d:w_isuggest the following more general hypothesis:

If a transient disturbance of the electromagnetic field which is
propagated over a highly conducting half-space, and which
depends on no other distance than the horizontal distance P
between antenna and dector and of which the amplitude is
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proportional to p_d , is detected with the aid of a
detector having a frequency characteristic proportional

to wp , the output of the detector will depend on

~(x+2 p)

horizontal range as P

The general validity of this statement, however, has not yet been proven.

SUMMARY

For the case of a horizontal electric dipole situated in a conducting half-space

and excited by a step-function current, expressions are derived for the various
components of the electromagnetic field as a function of time for points of obser-
vation both in the conducting half-space and at the interface. It is shown that the
attenuation with horizontal range of transient signals may differ from the atten-
uation experienced by pure sinusoidal signals. While all components exhibit
some degree of ""smearing out" of the signal as it propagates, the vertical
electric component in air exhibits some advantages in this regard over the other
components. For the vertical component the time for the signal to reach maxi-
mum value is shown to be independent of the horizontal distance between source
and receiver which makes this component very suitable for transfer of informa-
tion. In this analysis propagation time has been neglected.

Furthermore, an investigation is made of the influence of the frequency
characteristic of magnetic detectors on the shape of the received signal. It is
shown that a rising frequency characteristic increases the overall attenuation of
the final signal with horizontal range while a falling characteristic reduces this
attenuation.
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APPENDIX A. Approximate Formulas for Mn(a, ¥ ) and Nn(a, £ ).

Since tables of the functions Mn(a, ¥ ) and Nn(a, ¥ ) do not exist, some

work has been done in order to find approximate expressions for these functions
in terms of tabulated functions. The results of this work are given in this
Appendix and in Appendix B. Since Mn( a,¥ ) and Nn( a, ¥ ) are related through

Equation (36), a result which is derived for Mn(a, £ ) can also be used for the
numerical computation of Nn(a, ¥ ) and vice versa.

Al Approximation of Mn(a,'g ) for large § .

When £ is sufficiently large the modified Bessel function I (x) in the

integrand of
Mn(a.,g) = {:n e T (x)dx Eq.(A.1)

can be replaced by the first term of its asymptotic expansion:

T (x) ~ (2wx) e

Substituting this in Equation (A.1) and using the definition of the incomplete gamma

18
function [ (b, z) ) one obtains

Mala 9 e 3 as) M ined | (am)e] Bq.(A2)

18) A. Erdé€lyi, W. Magnus, F. Oberhettinger, F.G. Tricomi
Higher Transcendental Functions (McGraw-Hill Book Company Inc.,
New York, 1953). Vol. II, pp. 133 ff.
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This relation can be simplified by the use of the recurrence relation

r'“:.-H,'z_) = H‘(b,z) +z2Pe?

* 19)

and the formula

X

riz

,'?.") ="IT§ Ech .
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Eq.(A. 3)

Eq.(A.4)

Repeated substitution of Equations (A. 3) and (A.4) into Equation (A. 2) gives
finally with the aid of the first of Equations (40) :

! ah=4 I “_-1 '.li' =
M.\(a,i)-vf""w"i(%) ,:F‘lmi)Ech(:l) +L:—i): (2x)" e zl] Eq.(A.5)

This expression can be used for the numerical computation of Mn(a, £ ) for

large values of § . Table II gives an idea of the accuracy so obtained. It is
seen that the relative error is smallest for high n and a close to unity.
a = 1.02 a = 1.2
Relative Relative
Computer | Eq.(A.5)| difference | Computer | Eq.(A.5) |difference
Mo(a,lﬂ) 2.6486 2.6355 0.50% 0.07266 | 0.07195 0.98%
Ml(a,lﬂ) 117.89 117.53 0.31% 1.0430 1.0335 0.91%

Table II. Comparison between the exact values of Mn(a, ¥ ) and

those computed using Eq.(A.5) for various values of the parameters.

* The definition of the error function as used in this paper differs in a factor
2W * from the one used by Erdélyi et al in reference 18, but is the same
as the one used by Erdélyi et al in 10.
19) A. Erdélyi et al., op.cit., reference 18, Vol. II, p. 147.
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A.2. Series expansion of Nn(a, 4

35

When £ is finite Io(x) can be replaced in the integrand of{gx" e~ " T, (x)dx

by its series expansion and this form integrated term by term. The result is a

series of incomplete gamma functions,

g © r$ v R
Jx"a"““[,(x)clx-_—zf x" Q_Q‘Lﬁ—dx

k=o ‘o (k.‘)z
= | 5 nrak _—ax
~3 mgy ) e 4

o

:2_1%?. o~ N2k X(h+2k+l’ a.§)

k=e 2

where the incomplete gamma function ¥ (b + 1,z) is defined by

Yl ) = et

In case b is an integer ¥ (b + 1,z) can be expressed as

20)

Yikii 2) = & l:l—e_"z. e.b(z.):l

where eb(z) is the truncated exponential series

S =T
e (1‘.. =

i Y
Inserting this into Equation (A.6) gives:

Nn (a E) =§ (hH'k)! 1= e-—-ﬂ-f-. € naak (“t)

K=o g}k(k!)" a Ntk

E.G. for n =0 the first few terms are

20) A. Erdélyi et al., op.cit., reference 18, Vol. II, p. 136
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—af 2 s

Nolg g)= 222 F% - (1+af+i0r$Y)e *E
o q" = (o +-i (La
3 4y -a$
—(+af+iartfitadf L) o
'I"é ' ( = -k 34 ) +¢-.- Eq'(A‘S)

<

a.s

This series converges extremely rapidly for small ¥ , while its rate of
convergence for ¥ of the order of unity is still reasonably high. Taking for
example a =1, ¥§=0.5 and using the first two terms of Equation (A. 8) gives
No(l, 0.5) with an accuracy of 2.5 parts in 104 .  Three terms give a six

decimal accuracy-.

Expansion of Nn(a, ¥ ) in a double series of ascending powers of § and

a - 1 is also possible but the rate of convergence is greatly inferior to that of
Equation (A. 7). Therefore the derivation of this series will not be given here.

In order to facilitate the numerical computation of the field components a
program has been written for computation of the function Nn(a, § ) on the

ERA 1101 computer. Tables have been made which give Nn(a, ¥ ) to four

significant figures for the following values of the parameters and variables:
n = 0,1,2 and 3

£

a

i

0(0.02) 1 and 0(0.1) 10

1(0.001) 1.01 (0.01) 1.2 (0.1) 3.

Figures 12 and 13 give an impression of the behaviour of the functions
No(a,g ) and Nl(a, g Ya

_ 'URKADED
NATO TO

NCI ARQIRIR
yL L "j”:tD

NATO RESTRICTED



NATO RESTRICTED

DOWNGRADED TO
NATO UNCLASS IFIED

37

Fig. 12.

The function No(a,§ )
vs § for various values

of a.
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Fig. 13. The function Nl(a, %) =<t
vs ¢ for various values .
of a.
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-5
APPENDIX B. Proof of the relation No(l,g )= % e IO( } )+ Il( £)
In this Appendix the following relation will be shown to hold:

N, Ci,8) = ¢ e_”g{IQ(E) +T_,l§)} Eq.(B.1)

which makes it possible to express the field components in the case h=z=0 ina
closed form.

As a first step in the proof it may be shown that

' L)

N.1,2) =% F (£;25-2%) Eq.(B.2)
where 1 1 (a; b; x) denotes the confluent hypergeometric function. For this it
is sufficient to consider No(l, ¥ ) as a special case of the following Riemann-

21)

Liouville integral

<& TS -
l._r‘(/“-)]_[?‘v‘i’:m—,ll Iv(ax)(i—"x)} dx =

(20) TP M(vaz)

X

v F (/uuy:.vﬁ-‘l)

F(v-\-';‘,‘,/u-}-.zva-n;-;ug) Eq.(B.3)
RL/.L?O s QL v>-—i

from which Equation (B. 2) immediately follows by setting ¥ =0, a=1 and - =1.

The next step makes use of the Weyl integralzz)

21) A. Erdélyi et al., op. cit., reference 10, Vol. II, p. 197.
22) A. Erdélyi et al., op. cit., reference 10, Vol. II, p. 207.
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- [® -1
[F(,,,.)] /{x"" e~ L Lax)(x- ) dne
Lo el % v
‘___g_l&)‘ r‘(ﬁ-/"*' )lﬁ(i-—/u,'_v:‘ly‘_*-;v;_zo.g) Eq.(B.4)

a2 F(I-y—-a—a.v)
0 R g+ | R (ag) S0

which for/u =% =a=1 runs
wo . :
/g x e Tix)dx = Fldy2:=0%) Eq.(B. 5)
Combining this with Equation (B.2) the relation
- -]
NO(I,E) = zfx—' e_"qu(.x)dx Eq.(B.6)
S
1s obtained.
Keeping in mind that Io(x) satisfies the differential equation

T ')+ 1)) -1, k) =0

and that

T.)(x) =T, (x)

the remainder of the proof is straightforward. The relation

_{‘:’( b S =% I,(x) dx ‘____4”&_,‘ In(x) dx.-jme_""“ I: ln)clx

£

fl M) '|"l
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becomes, after two partial integrations,

x* e * T (x) dx =e~*Jx_(£) +T,0D
{

from which, together with Equation (B. 6), Equation (B. 1) follows.
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APPENDIX C. Some properties of Meyer's G-functions.

In this Appendix only the most important properties of Meyer's G-functions will

3
be listed. For a more complete account the reader is referred to Erdélyi et al2 )

and to Meyer's original papers, a list of which is given by Erdélyi et al, loc. cit.

) mu(xﬂ-n ---->¢1}>) _ ‘
The function TI‘ q B b h e \"q 4 sometimes written more
briefl C:rm“("'&r)'df‘ db
riefly Pq \’s. ,is defined by
m n
G—m“( Xy % i n l"(LJ.—s)'n I"'(l—a.j+s)
» _ =1 =1
1 O TR N o o A - ! xS ds Eq.(C.1)
% !_\r'("'bj*‘-“)_lkl M(a;-s)
j:ﬂH-l .\=h“

where 0 ( mé q, 0 { n ¢ p. Anempty product is interpreted as 1 and the
parameters are such that no pole of r'(bj-s), j=1, ... , m coincides with any
pole of " (l—ak+s), k=1,..... ,n. Among the several possible paths, L , of
integration the following will be used in Appendix D: a loop starting and ending

at + o0 and encircling all poles of r"(bj-s), j=1, ... , m once in the negative

direction. All poles of r (l—ak-f-s), k=1,..... ,n, however, lie outside this

contour. The integral converges if g }
|x' A

With this definition the integral in Equation (C. 1) can be evaluated as a sum of
residues and the G-function may thus be written as a power series in x .

1 and either p<q, or p=gq and

23) A. Erdélyi et al., op. cit., reference 18, Vol. I, Ch. 5.
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Some important relations between G-functions are
mn Q. mn a +to
xE G_M( bs) = Gyq (K bs+°‘) HgAC:2)
hr\h( Qr) G_r\rn( £ l"b;)
G (<[5 = G| £a.(0.2
mn - *8 mn ( a,~1,%, ,ap
(‘—CLl"'bl) qu(x b:.) G‘:q x bl’ ...... ,bq)+
mMn Oy, Qg 5 vv v my CLP
+G—Pq(K bl"".':':.:-----) L‘l) Eq.(C.4)
m,n >
mn Q. mn o=, , ,Q‘,
(“P"“‘) CTM (" bs) - G'pq (’“I TR ,\:,q) +
mw 0-|, """ L QP_‘>Q’—'| )
X
+G"pq( Byis s sy Big Eq.(C.5)
)l gn {p-
d mn Oy mn Oy, 0, +9 mn (= &
e (<v)- Grq (<0 ,L,)*(ﬂr‘)qu (x o) Ba(c.o)
n>!
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Qar
\:,S) in the neighborhood of the point x = 0

mn
The behaviour of GP"I (’g

can be obtained from Equation (C.1). One has
m a.,..) B
Gl w) = 0Uxl?) as «ro Ba.(C.7)

where ps q and P=minRe bh,h=1, o o § s
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APPENDIX D. Derivation of an expression for e(t) in terms of
Meyer's G-functions and expansion of these into power series.

In this Appendix an expression will be derived for e(t) in terms of Meyer's
G-functions. Furthermore it will be shown how these functions may be expanded
into a power series in § , thereby permitting the computation of e(t) for small
values of ¥ (large times). Extensive use will be made of the properties of the
G-functions listed in Appendix C.

One starts from the integral representation of g(t) derived in Section 2. 2.,
Equation (60):

gt) = C(p,cp“i/x“%(x— X)erf & {Io (x)+2T, (x)} d x Eq.(D. 1)
£

which is split up into two integrals of the form

/x'%(xﬁi)ﬁze“"lv(x)dx v=o, .
b

This integral can be found in a table of Weyl transformsM) and is equal to

= 3 -3 * % 7 o 2
/ x"E(x-1) eI, (x)dx =2 ¥ G’:;(zif.% ok _v-g-) Eq.(D. 2)

Substitution into Equation (D. 1) gives

POSEFERY [-X S I WYc-{C. I

-1 .‘§.' Eq.(D. 3)
2 a

24) A. Erdély: et al., op. cit., reference 10, Vol. II, p. 207.
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or, using Equation (C. 2)

gl’c)=:,L"C(Pq>)|: (l 'ihi)+zG1(2§I;.E‘_é)] Eq.(D.4)

From this it follows for e(t) , making use of Equations (32) and (C. 6)

olt) = clg({) __% ag)

This can be simplified somewhat with the aid of Equation (C.5), giving

o o
L la. _.3_') Eq.(D. ﬁ)

e(’t):/-foaL;?C(P,cP) E‘[G-:(zgho_;"%)_yz GTS(AE

which, again using Equation (C. 2), may be written as

4 1)t

By writing out C (P,tp ) Equation (67) is obtained.

Yo "0 )
3 -.%’ Eq.(D.7)

e'&)"/uaﬂ”p" C(.Pq:) [ u(
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From Equation (D.7) it is now possible to extract information concerning the
behaviour of e(t) as t— e . According to Equation (C. 7).

1

Gake,'",) = olsY
and Eq.(D.8)

Gy’ s' ) = ols)

1
as §—> 0 . Therefore e(t) approaches zero like t *

as t—>» 00 .

Equations (D. 7) and (67) are not suited for numerical computation of e(t) .
For short times t the asymptotic expansion Equation (64) may be used for this
purpose, but for large values of t (small § ) it is necessary to expand
Equation (D.7) into a series of ascending powers of § . This is done by replacing
the G-functions by their integral representation Equation (C. 1) and evaluating each
contour integral as a series of residues.

The integral representation of the first term in Equation (D.7) is,
(temporarily replacing 2 § by y)

3 Ak n3-s)rG-=-)ri) o
G-!?-(S,% : ":‘.):I::rijL r-(,liﬁ) ;1(‘_5) Y ds Eq.(D.9)

The poles and the integration path L are sketched in Figure 14. There is a
. . . 3
simple pole in s = i— and two-fold poles in s = /2, /2, /2, +.e.. . The

residue ké in the point s = -5- 1s found from

(5_- ) r‘(%—s)l"(i—-*») M(s) s 3

K F(i+s)T(e-s)

Eqg.(D. 10)

1
2 L
.S—-P:_
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5. P[anc
o simple pole
» two-{.old Pola

3

®

-
L

Fig. 14. The contour used for the evaluation
of the integral in Eq.(D. 9)

while the residues kn IR ¢« R R I RV e are obtained from

i

Kaad = Lim ‘é{I

z b2
S—ntry

i) ri-s)ris)
{(&-n-s_) ML rs) T (1-5) }

(_-)l'\-l r‘l(l'\*i'i) A “,‘,l’_

T plnen) o l:'""in“‘i"""\'("*i)‘“{’(h“)} Eq.(D.11)

[ 1T (- - SPeeeg

)]

where the function \r (z) is the logarithmic derivative of the gamma function,
Lr o A (z)
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and extensive use has been made of the properties of gamma and ¢ -functions.
Since the contour integral in Equation (D.9) equals minus 2 W i times the sum of
the residues (the minus sign stemming from the fact that the contour is traversed
in the negative direction) one obtains

A PP, P

B=d Eq.(D.12)
l: Z( )h PZ::H; 3 {H—h -th +z+(h+ ;)—-3‘|J(h+':|ﬂ

from which it follows immediately that for small y

G (ol )e ¢

which is in agreement with the first of Equations (D.8). In an analogous way it can
be shown that

A s :
CTH(‘:IL ___) Z() f“%‘j {fn 3+.-:,q.»(n+ 1)—21’:(h)—-3\|ﬂ(h+a)} Eq.(D.13)

™ =t

Substituting Equations (D. 12) and (D. 13) into Equation (D.7) one obtains for e(t)

Jran [ D raplret)sglonl] - 200 Ezhhz)+a+lm‘:)-zq)(..)_w(hﬂ)]ﬂ_

=i1C[fs‘P)gi['+'1;—“§'(“>h-l i net) (2?)*\-

2w ) T (n+2)

n+i

{h +2h ~ ‘+h(h ') [Ph (:.Z)i—:.qi(hﬂ_) .51.‘th+|)]}] Eq.(D. 14)
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