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Model for the frequency spread of backscattered 
underwater sound based on the facet model of the rough 
sea surface 

Herward schwarzea) 
SACLANT ASW Research Center, 1-19100 La Spezia, Italy 
(Received 2 March 1976; revised 1 May 1978) 

A theoretical model for the Doppler spread of backscattered acoustic waves from the rough sea surface is 
described on the basis of the decomposition of the continuous sea-surface spectrum that leads to the 
concept of facets. The facet statistics are derived for a Gaussian sea surface. The results are evaluated for 
a Pierson-Moskowitz spectrum. A procedure for choosing the facet length is developed. Approximate, 
simple formulas for the Pierson-Moskowitz case are given. The general result for the Doppler spread of 
the backscattered acoustic wave is evaluated for sea-surface spectrum due to Scott, and examples for 
Doppler spectra are given for different windspeeds, wind directions, grazing angles, and acoustic 
frequencies. 

PACS numbers: 43.30.Gv, 43.30.Cq 

INTRODUCTION 
The important problem of scattering of acoustic waves 

from the rough-moving sea surface has often been in- 
vestigated, but a general, exact, and tractable solution 
has not yet been obtained. 

For  special cases, solutions are known, e.g., for the 
cases where the amplitudes of the sea-surface waves 
a re  much smaller1 or much larger2 than the length of 
the incident wave. 

For arbitrary roughness of the sea surface, approxi- 
mate solutions are obtained by applying the small-scale 
backscattering results to a composite-roughness sea- 
surface model. 3'6 This means that the small waves with 
lengths up to some 10 cm, causing the resonant or  
"Bragg" scattering, a re  carried by long waves. The 
long waves a re  approximated by plane facets whose 
movements depend on the large-scale roughness of the 
sea surface. 

In this paper, the interest is focused on the fre- 
quency spreading of a backscattered monochromatic 
acoustic plane wave. This case is of special interest 
in active sonar applications, because the moving sea 
surface limits the detectability of slowly moving tar- 
gets. 

The presentation given here contains nearly no deriva- 
tions of the resulting formulas, the proofs of which can 
be found in Ref. 7. 

I. RESONANT BACKSCATTERING THEORY FOR 
SMALL SEA-SURFACE ROUGHNESS 

The geometry shown in Fig. 1 is used. A source 
S(xo, 0,z) illuminates a surface area A = a b  with a plane 
wave of frequency fo and pressure amplitude p,. The 
distance ro is considered much larger than dlf2. 

a ' ~ r e s e n t  address:  Fachhochschule Bielefeld, D-4800 Bielefeld 
1, Federal  Republic of Germany. 

Without loss of generality the y coordinate of S is set 
to zero. Besides the specular reflection, the rough sea 
surface causes a scattered field in all directions. For 
backscattering, source S and receiver R coincide. 

The Doppler spectrum cP(f) of the backscattered wave 
p(t) i s  the Fourier transform of i ts  correlation func- 
tion; viz, 

*(f ) = I " ~ [ p * ( t ) p ( t + ~ ) ] e x p ( - 2 r j f  -- T I I T .  (1) 

A normalization is introduced, yielding a backscattering 
Doppler density 

Following ~ l a rke , '  for example, the basic equation for 
the backscattering Doppler density for the slehtly 
rough sea surface is 

cp( f) =(4nI2 sin4yok: X3(- 2ko cosro, 0,f -fo) (3) 

FIG. 1. Geometry for scatteriag f rom the s e a  surface. 
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606 Herward Schwarze: Frequency spread of seasurface backscatter 

where 

is the dispersion relation and k, i s  explained in the Ap- 
pendix. 

When integrated over f, Eqs. (3) and (4) become the 
backscattering strength known from the literature. 5*g 

Equations (3) and (4) are  considered to be valid under 
the following conditions: 

(1) A,>> 277 shy@*, "Bragg" scattering, Rayleigh 
theory,'' where u, is the standard deviation of the sea- 
surface height. 

(2) h 0 < < ~ ' l 2 ,  an implicit assumption for Eqs. (3) and 
(4). 

(3) r o > > ~ ' 1 2 ,  the assumption of an incident plane 
wave. 

(4) l /k  > 0.05 m, an approximate rule for the validity 
of the dispersion relation, Eq. (A3). As most acoustic 
wavelengths in sonar applications a re  between 0.1 and 
1 m, condition (1) is often not fulfilled. One possible 
way to find results that approximate the rough-sea- 
surface case is to introduce the composite sea-surface 
model which circumvents the condition. This model is 
developed in the Sec. 11. 

II. DOPPLER SPECTRUM FOR A COMPOSITE- 
ROUGHNESS SEA SURFACE 

The facet model assumes basically a two-component 
structure of the rough-moving sea surface: The small- 
scale high-frequency roughness (ripples), responsible 
for the resonant scattering, a re  carried by the low- 
frequency large-scale sea- surface waves (swell). These 
carrier waves a r e  locally approximated by plane facets 
of finite extent. The movements of the facets have in- 
fluences on the backscattering strength and the Doppler 
shifts of the backscattered sound. 

It is emphasized that the facet model is an approxima- 
tion and is meant in an empirical sense. It makes cer- 
tain assumptions and neglects certain difficulties that 
a r e  mentioned below. First of all, it i s  a statistical 
model and considers not a single facet but a large num- 
ber of facets. Thus it requires that the facet dimensions 
a re  much smaller than the insonified area of the sea sur- 
face. The optimal choice of the facet dimensions re- 
mains a s  an unsolved problem. considerations that 
lead to a practical choice a re  found in Sec. IIB. Fur- 
ther on the division of the continuous sea-surface spec- 
trum into a large and a small roughness regime is 
somewhat arbitrary. There exists a part in the spec- 
trum that is intermediate and is not treated in the facet 
model. It is believed that this part is of small influence 
a s  the energy compared to the large-scale roughness 
part is small, but this i s  not proved and the question is 
open to further investigation. 

A. Facet statistics 

The facets a re  statistically described by a five-di- 
mensional random process: The variables a re  the 
inclinations E ,  and E, and the velocities a,, u,, and u, 

in the appropriate coordinate directions. Bearing in 
mind that the incident acoustic wave vector lies in the 
x-z plane, the following two simplifying assumptions 
a re  made that reduce the mathematical effort consider- 
ably: 

(1) The contribution of the facet velocity u, that i s  
pdrpendicular to the acoustic wave vector, to the Dopp- 
ler shift of the backscattered frequency is considered 
small and neglected. 

(2) The facet slope E, is neglected with the argument 
that the amount of energy scattered out of the x-z plane 
beicause of a slope E, will be scattered back into this 
~ l 4 n e  by other facets, lying outside the x-z plane and 
haying the slope - E,, such that the effects cancel. 

These simplifications reduce the process to a three- 
dimensional one, and the facet is represented by a 
straight line. As i t  is assumed that the sea surface is 
described a s  a Gaussian process, the facet movement 
is also considered to be normally distributed. The 
mean values of the stochastic variables r =~,( t) ,  u,(t), 
and u,(t) a r e  zero by definition. Therefore, the co- 
variance matrix is sufficient for their complete descrip- 
tion. The geometry shown in Fig. 2 is used. To obtain 
an expression for the facet slope r (t) and the facet 
height b(t), the sea-surface function h(x, y, t)  I,,, is ap- 
proximated by a least-square-error straight line, 

f ( x , t ) = ~ ( t ) x + b ,  ( 6 )  

in the interval 1 x 15 +L.  This yields 

The vertical velocity u, follows from Eq. (8) 

FIG. 2. Facet description. 

For the horizontal velocity u, the following argument 
applies. From the linear theory of surface waves it 
follows that the horizontal particle velocity u in the x 
direction i s  
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of choosing L developed here is one -OI@ other possi- 
bilities. It maximizes a quality number N, introduced 
by the equations The horizontal velocity of the facet u, i s  defined a s  the 

mean particle velocity on the facet 

and 

XJN = u,(L) . 
Inserting Eq. (10) into Eq. (11) gives 

Combining them gives 

Lu,(L) =A:. (23) 

This implicit equation has to be solved to find the facet 
length L. The number N shows, how far L is away 
from the limits where the conditions for the validity of 
the composite sea surface model a re  not longer fulfilled. 
If N i s  less than about 2, this indicates that the facet 
model will not yield correct results. .* . *3 : ,<? ; $,. 3 

4 4 
To solve Eq. (23), an expression for oh@) hasLiGba:. ' 

found. It i s  Z 

From Eqs. (7), (9), and (11) the variances and 
variances of the facet movement are calculated. 
results a re  given in terms of the frequency 
trum F,(f, cp) of the sea surface. The relation of 

surface is seen from the Appendix. 
F2( f, cp) to the covariance function C (x ,  y, r )  of the s e i  

It i s  I 
which can be shown to be 

x (La c o s i a ~  - 2 sin$a~)'df dcp , 

With Eq. (25) it is possible to solve Eq. (23) by an iter- 
ative procedure for practical cases where F2V, rp) is 
known explicitly. This will be investigated in Sec. III. 

C. Doppler spectrum 

The Doppler spectrum for a rough sea surface takes 
into account the facet movements whose statistics were 
described in the preceding chapter. The grazing angle 
y o  and the incident frequency fo are  modulated by the 
facet inclination ~ ( t )  and the facet velocities uz(t) and 
u,(t), respectively, and accordingly the small scale re- 
sult in Eq. (4) i s  changed. The modulation changes yo 
and fo to statistic variables of the following form: 
(1) Influence of the facet slope, 

and 

where 

a = (2n f )' coscp/g. 

B. Choice of the facet length 

The facet statistics a s  derived in the preceding sec- 
tion depend entirely on the facet length L. In practical 
cases, this L has to be chosen. The choice i s  directed 
by two influences. Firstly, the facet length should be 
greater than the wave length of the incident acoustic 
wave to reduce the e r ror  induced by the margin of the 
facet. That leads to the condition 

Lmin " 'O . (19) 

(2) Influence of the facet velocities, 

To obtain the backscattered Doppler density cp (f ), the 
weighted sum for all E, u,, and u, has to be taken. Us- 
ing Eq. (4) one finds 

Secondly, the sea-surface roughness u,(L) on the facet 
should be much smaller than the acoustic wave length 1, 
to fulfill the Rayleigh condition, 

x w3(c, u,, u,)d~du, dux. (28) 
It is pointed out that the facet theory itself does not pre- 
dict an optimal facet length L, therefore the procedure This integral can be solved in closed form for a small 

J. Acoust. Soc. Am., Vol. 64, No. 2,August 1978 
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FIG. 3. Facet slope a, vs L / V ~ .  The parameters are wind 
direction boo, facet length L ,  and wind speed v ;  directivity ex- 
ponent: n = 2 .  

B. Calculation of the facet length 
The facet length L is calculated following the general 

procedure of Sec. IIB. The starting equation is Eq. 
(23), which is evaluated for the Pierson-Moskowitz 
spectrum. First, the variance a: is calculated, em- 
ploying Eq. (25): 

The result is given in Fig. 8. The limiting forms for 
a, << 1 and a, >> 1 are interpolated to a formula with the 
result 

This result relates the surface parameters of wind 
speed v and wind direction cpo and the acoustic wave 
length X, to the facet length L. Equation (48) is  plotted in 
Fig. 9, together with the exact result obtained by the 
solution of Eq. (23) with an iterative procedure on the 
digital computer. The figure shows that the maximum 
er ror  does not exceed 2&; thus the approximation 

FIG. 4. Vertical facet velocity u,/v vs L/v'. 

J. Awust. Soc. Am.,Vol. 64, No. 2, August 1978 

FIG. 5. Horizontal facet velocity u,/v vs L / v ~ .  

should be sufficient in most cases. It is further seen 
that the quality number N = L/Xo is always greater than 
10; therefore the e r rors  induced by the facets can be 
considered small. 

The same procedure was performed for the exponent 
n = 4  of the directivity law. The result is similar, the 
only difference being a larger variation of L with the 
direction angle 9,. 

C. Resulting Doppler spectra 
With the facet statistics being calculated the results 

for the Doppler spectra will now be discussed. The 
sea-surface spectrum employed to evaluate Eq. (29) is 
a modified version of the Scott spectrum" of the form 

where 
s = 5.5Hz/2nf 

and 
A, = r ( 2 ~  + 1 ) / [ 2 ~ ~ + ~ r ~ ( s  + i)] . 

The mixing function is 

FIG. 6. Correlation between slope and vertical velocity, u,/v 
vs L / V ~ .  
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1 10 

FIG. 7. Correlation coefficient p vs L/v'. 

where 

and f, is a limiting frequency, a t  which the spectrum 
becomes more omnidirectional. 

This choice of the sea-surface spectra seems to be 
the best possibility a t  present. It should be understood, 
however, that the general result for the Doppler density 
of backscattered sound can be evaluated for any sea- 
surface spectrum written in a, form used here. 
In Fig. 10 the influence of the grazing angle yo, on the 

Doppler density is demonstrated. The x axis shows the 
Doppler shift f - fo in Hertz, the y axis shows the Dopp- 
le r  density cp(f) in l / ( ~ e r t z ) .  The angle yo is changed 
from 2' to 20°, the wind speed is v = 8 m/s, the incident 
acoustic frequency is 3.5 kHz, and the main direction 
of the surface waves points away from the sound source. 
This causes an asymmetry in the spectrum, which is 
explained a s  follows: The correlation between the facet 
slope and the facet vertical velocity is negative in this 
case; this means that a large angle belongs to a nega- 
tive velocity. This velocity causes negative Doppler 
shift; a s  the slope is greater for the negative velocity 
than for the positive velocity the backscattered energy 
is greater. In this figure the sea-surface spectrum is 

FIG. 8. Roughness on the facet uh/v2 vs L / V ~ .  

J. Acoust Soc. Am., Vd. 64, No. 2,August 1978 

FIG. 9. Relative facet length L/ho vs v / a  parameters: wind 
direction c p ~ ,  facet length L , wind speed v ,  and acoustic wave- 
length \. Directivity exponent n =2. (1) Exact result and (2) i 
approximation. 1 

omnidirectional in the frequency range where resonant 
scattering occurs, a t  about 2.7 Hz or  20-cm wave- 
length. The lack of symmetry is due only to the facet 
movement. If the orientation of the sea-surface spec- 
trum is 90' off the incident wave vector, this effect does 
not occur. 

The curves depend quite strongly on the limiting fre- 
quency f,, which is especially apparent if f, tends to in- 
finity, leading to a spectrum that has a directivity up to 
the highest frequencies. This case is shown in Fig. 11 
for the same parameters a s  in the previous figure. In 
fact, the figure contains only one branch of the usual 
two, a s  only one 6 function occurs in the resonant scat- 
tering case. 

Figure 12 shows the influence of the wind speed for a 
fully developed sea. The grazing angle yo is 6", the 
orientation angle cp, is 0°, and the acoustic frequency 

fo is 3.5 kHz. The wind speed varies from 2 to 32 m/s 
in geometrical progression. For low wind speed the 
facet model is seen to be superfluous, a s  the Doppler 
density consists virtually of two 6 functions due to the 
resonant scattering. For high wind speeds, the back- 

- Kr6 
-13 u = 'i nr8 
5 
C :: lo* 
W 
L a - 
L la"= 
0 
0 

-lO -8 -6 -4 -2 0 2 4 6 8 10 
1-k (Hz) 

FIG. 10. Doppler spectral density tyrpV) vs Doppler shiftf - fo .  
Parameters: grazing angle yo=  2"-2O0, center frequency fo 
= 3.5 kHz, wind speed v = 8 m/s, wind direction (Po = 0" ( d m -  
wind), and limiting frequency f ,  = 1 Hz. 
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-10 -8 -6 -4 -2 0 2 4 6 8 10 

f-fo (Hz) 

10-~ 

lo-B 

lcr" 

lo-" 
-0.004 -0.002 0 .a .001 

fitn 
fo 

FIG. 11. Doppler spectral density cpV) vs Doppler shift f -fo. 
Parameters as in Fig. 10 except f ,  - *. FIG. 13. Doppler spectral density vV) vs normalbed Doppler 

shifk (f -fo)/fo.  Parameters: center frequency fo=0.3-33 W, 
grazing angle yo = 6', wind speed v = 8 m/s, wind direction cpo 
= 0" (downwind), limiting frequency f,= 5 Hz. 

scattered energy is considerably higher but is spread 
over a higher frequency range; the backscattered energy 
a t  the Bragg frequency does not change considerably. 

Figure 13 shows the Doppler density versus the nor- 
malized frequency Af/ fo  = f - fo/f for  f o  = 0.33, 1, 3.3, 
10, and 33 kHz. For the low frequency f o  =330 Hz the 
Rayleigh condition i s  fulfilled; thus the Doppler spectral 
density consists of two sharp peaks. With increasing 
frequency the facets become more important and a t  the 
same time the asymmetry of the curves disappears, be- 
cause the Bragg frequency is shifted to the omnidirec- 
tional part of the sea-surface spectrum. The limiting 
frequency is f ,  = 5 Hz in this case; this means that for 
f o  = 33 kHz the resonant frequency is f $ =8.25 Hz, and 
accordingly the spectral density cp( f )  is almost sym- 
metrical. 

IV. CONCLUSION 
A theoretical model for the Doppler spread of the 

backscattered acoustic waves from the rough sea sur- 
face is developed that makes use of a two-component 
structure (facet model) of the sea surface. 

-10 -8 -6 -4 -2 0 2 4 6 8 10 

f-fo (Hz) 

FIG. 12. Doppler spectral density rpw vs Doppler shift f -fo. 
Parameters: wind speed v = 2-32 m/s, center frequency fo 
=3.5 kHz, grazing angle Yo= 6", wind direction cpo= 0" (down- 
wind), limiting frequency f ,  = 1 Hz. 

The model requires a description of the statistical 
properties of the sea-surface roughness including the 
directivity and the mixing of incoming and outgoing 
waves in one direction a s  function of frequency. The 
concept of the mixing function is necessary b obtain 
asymmetrical Doppler spectra a s  a function of the wind 
direction. The parameters of this function need experi- 
mental verification; in particular, the optimal value for 
the limiting frequency is not yet known. 

The general result of this paper is a set  of formulas 
for both the facet statistics and the Doppler spectrum 
in terms of the sea-surface covariance function or the 
sea-surface spectrum. The results can be used in two 
ways: 

(1) Measured sea-surface data are used to fit the 
parameters of analytical spectra such a s  the Pierson- 
Moskowitz spectrum o r  the Scott spectrum. 

(2) Measured spectra are inserted into the general 
formulas. 

The procedure, developed for the choice of the facet 
length L shows that the quality number N = L / h ,  where 
X o  is the acoustic wavelength, is never smaller than 
10; thus the e r ror  due to finite facet length can be con- 
sidered small. 

The general results for the statistics of the facets a re  
evaluated for a Pierson-Moskowitz spectrum. An ap- 
proximate closed-form solution is obtained, 

For the numerical evaluation of the general result for 
the Doppler spectral density, a more general sea-sur- 
face spectrum due to Scott is employed, which contains 
the Pierson-Moskowitz spectrum as a special case. 

Examples for different wind speeds, wind directions, 
grazing angles, and acoustic frequencies a re  calculated 
via a computer program. 

J. Acoust. Soc. Am.,Vol. 64, NO. 2, August 1978 
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APPENDIX: STATISTICAL SEA-SURFACE 
DESCRIPTION 

The sea surface h ( x , y , t )  is considered a s  a three-di- 
mensional process that is assumed to be Gaussian dis- 
tributed and stationary in space and time. Then the 
statistical properties of this process are completely 
described by its covariance function C ( x ,  y ,  T ) ,  where 
x and y a r e  the space lag and T is the time lag between 
two points of observation. 

The covariance function is related to the three-di- 
mensional wave parameter frequency spectrum 
X3(kx, ky,  f )  via the three-dimensional Fourier trans- 
form: 

where both X3 and C are real-valued functions. In Eq. 
( A l )  f  is the frequency and the wave components kz and 
ky are  defined a s  

k i + e = k 2  and k = l / A ,  (A21 

where A is the wavelength of the corresponding surface 
wave and k is the wave parameter. For deep water and 
surface wavelengths not shorter than about 5 cm the 
dispersion relation is valid: 

where g is the gravitational constant. Then the three- 
dimensional spectrum X3(kx, ky ,  f )  can be written a s  

where 

In Eq. ( A 4 )  the function X2(kx,  k,) is the wave parameter 
spectrum. X2(kx, k,) contains the orientational informa- 
tion of the frozen sea surface. The "mixing function" 
W describes the ratio of incoming and outgoing waves 
for a given wave vector. The function W(x,  y )  has the 
properties 

and 
W ( x , y ) = l -  W ( - x , - y ) .  

It is used in Eq. (A4)  with the complicated argument 
~ [ k ,  sgn( f ), ky sgn( f )] to fulfill the symmetry relations 
imposed on the wave parameter spectra X3(kx, ky, f  ) and 
X z k ,  by), namely, 

X3(kx, k y , f )  =X3(- kx, - ky, - f  1 
and 

Xz(kx, ky )  =X2(- kx, - ky)  
that a re  necessary to obtain a real covariance function. 

Instead of the wave parameter spectrum the equiv- 
, 1 alent frequency angle spectrum F2( f ,  q )  is used in the 

literature. Defining this function via the normalizing 
equation 

the relationship to X2(kx, ky )  is 

8.rrf3 Fa( f , q ) =  - x,(Y cosq, - 
ge 2nf' g sinq) (A9)  

where again the dispersion relationship of Eq. (A3)  is 
used. F2( f ,  c p )  has the symmetry property 

~ , ( f , c p ) = ~ , ( f , q * n ) .  ( ~ 1 1 )  I 
In many practical cases the dependence of F2( f ,  rp) on cp 
is not known. Then a simple frequency spectrum F1( f )  
is introduced via 

and the relation to F ,  is 

F l ( f )  = 2 n F z ( f , ~ ) ,  (A131 
if  Fa is independent on c p .  In this case the mixing func- 
tion W is set to 0.5 and one obtains the relationship 

(A141 
The above equations a re  connected to the covariance 
function C via Eq. ( A l ) .  For  instance, one obtains for 
the frequency angle spectrum 

where 

0 5  W( f ,  cp)' 1 

and 1 
I 

w ( f , q ) = l  - W ( f , q * n ) .  
. . 

, . A ]  Any other relations a re  calculated easily from the above 
equations. 

In Ref. 12,  a special form of the mixing function is 
assumed 

I, for ( q  ( 5 a / 2  

0 ,  elsewhere. 
Then Eq. (A15)  reduces to 

J. Acoust Soc. Am., Vol. 64, No. 2,August 1978 
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