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A theoretical model for the backscattering strength of a
composite-roughness sea surface

Wolfgang Bachmann
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(Received 28 February 1973)

The surface-backscattering strength is calculated according to Rayleigh theory for surface excursions much
smaller then the sound wavelength. By taking account of self-shadowing and modulation of grazing angles, the
validity of the result is extended to arbitrary roughness. The predictions of this new composite-roughness
scattering model are compared with a small set of experimental data.

Subject Classification: 13.6.

INTRODUCTION

The purpose of this paper is to derive a formula for
the sound backscattering strength of a sea surface of
arbitrary roughness. In long-range sonar applications,
only sound rays of small grazing angles (say 0 to 10°)
reach the sea surface with high enough intensity to
contribute significantly to the surface reverberation.
Backscattering at such small grazing angles is strongly
influenced by high-excursion, low-frequency surface
waves (“swell”’), which are much longer than the sound
wavelength. As the growth and decay time constants of
this low-frequency part of the sea surface spectrum are
in the region 1 to 100 hours,! the momentary wind
speed, to which the high-frequency part of the surface
spectrum is directly related, provides little information.
Therefore, a reliable formula for predicting back-
scattering of sonar waves must contain a sea-state-
related parameter as well as wind speed. A general
method of obtaining such a formula is to apply a com-
posite-roughness sea surface model (e.g., see Kuryanov?)
to a small-roughness backscattering theory of the
Rayleigh (e.g., see Marsh?) or Kirchhoff (e.g., see
Parkins?) type. In this report, the formula is derived by
extending Rayleigh theory; the sea-state-related param-
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F1c. 1. Backscattering geometry.
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eter used is the rms slope of the swell. This formula will
be used in_an active sonar performance model for
predicting the surface backscattering intensity as a
function of geometry, wind speed, and sea state.

I. SURFACE BACKSCATTERING STRENGTH

The backscattering strength ¢ is defined in the manner
of Urick® as a dimensionless quantity

g= (i) R*/tincd4, (1)

where 64 is the illuminated surface area with dimensions
much smaller than R (see Fig. 1), iinc is the intensity of
incident plane wave, and (i) is the expected value of
intensity of scattered wave at distance R from the
illuminated area. Scattering theories usually yield ex-
pressions for the “scattering function” T', rather than
for the backscattering strength ¢. Therefore, we begin
by deriving a relationship between ¢ and T

I' can be understood as the normalized power spec-
trum of the scattered wave in the direction cosine
domain, i.e., the average “radiation pattern” of the
illuminated area on the surface. Thus, we can write

(=i | / Y0828, J08:61, @

where 8, and 8, are the direction cosines of the scattered
wave. The intensity of the scattered field at any point
below the surface may then be calculated by integrating
over the proper range of 8, and 3,, corresponding to the
illuminated area on the surface (see Fig. 1). In the
definition of the scattering strength (Eq. 1), the illumi-
nated area is small, so that I' may be assumed constant
over the integration area /8.8, Inserting Eq. 2 in
Eq. 1 gives, then,

g=RT683.68,/0A4. 3)

For monostatic'backscattering geometry (B.=a,=0;
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B,= —a,= —cosy) it can be shown® that
dB.dp,/dA = sin*y/R>. (4)
Therefore, we obtain from Eq. 3

¢=T sin*[v]. (5)

In the remainder of the section, we develop three
alternative forms of Eq. 5, all based on an expression for
I' from Rayleigh theory.

Marsh, Shulkin, and Kneale® calculated the scat-
tering function I' from Rayleigh theory under the
assumption of an infinitely extended illuminated sur-
face; their result for y<90° is

= 4a.2RhW [Be— oz, By—ay ], (6)

where k is the wavenumber of incident sound wave
=2m/\, \ is the sound wavelength, / is rms sea surface
displacement, and W is the normalized power spectrum
of sea surface displacement, in direction cosine domain.
For the monostatic case we obtain

I'=4 sin?[y Je2W [0, (—)2 cosy]. @)

It is convenient at this point to change variables from
the direction cosine domain to the wavenumber domain.
We can write

W[B:ryﬁy]: kZh_zpzl:Kz"‘ﬂ]y (8)

where x,= kB, and k,=kB, are the directional wave-
numbers of the surface waves and Ps[ sk, ] is the power
spectrum of sea surface displacement in wavenumber
domain. P, is defined as

//Pg[xz,x,,]dxzdx,,=h2. 9)

Inserting Eqs. 7 and 8 in Eq. 5 gives

g=4 sin*[yJk*P2[ 0,2k cosy]. (10)

Equation 10 allows us to calculate (or “predict”) the
backscattering strength from three physical quantities:
grazing angle v, sound wavenumber k, and directional
surface wave spectrum Ps.

It often happens that the surface spectrum can only
be measured by nondirectional instruments. It is useful,
then, to derive an expression for g[v] for the non-
directional case. If P, is assumed to be omnidirectional,
then the relation between P; and a one-dimensional
spectrum P is obtained by transforming the Cartesian
coordinates

k= (k24,2 o=arctan(k,/k:) (11)
and then integrating over ¢. The result is
1)2[“11KyJ=P1[("'12+"’1/2)% /Qr(k+x,D, (12)

where

/ Py[«]dx=h?.
0

In terms of Py, the backscattering strength becomes

g=sin*[y Jk*P1[ 2k cosy]/ (m cosy). (13)

Once having abandoned the directional properties of the
sea surface, one might as well go one step further and
replace the wavenumber spectrum by a frequency
spectrum, which is generally much easier to measure.
From the dispersion relation for gravity waves (valid
for wavelengths greater than about 5 cm)

Ji=g/4n?, (14)

where « is the wavenumber of the surface wave, f is the
frequency of the surface wave, and g=9.81 m/sec?, and
from the change of variables

i SLfId f= P1l«]dk (15)
we obtain (/0 (o0}
§/k gK
Pilel=—r S[ 2r ] e

where S[f] is the power spectrum of the sea surface
displacements in the frequency domain. It is normalized
as

/ SC/Jif =" (17

By replacing the spectrum in Eq. 13 by Eq. 16 we
obtain

gtk* sinty (2kg cosy)?
- S[ ] (18)

q ==
72(32 cos’y)? 27
The three formulas” for surface backscattering strength

q (Egs. 10, 13, and 18) are considered as valid ap-
proximations under the conditions

(1) X>h; Rayleigh theory?, (19a)

(2) 84>\ Implicit assumption for (19b)
Eq. 6,

(3) R®>64; Definition of ¢; Eq. 1, (19¢)

(4) Py isotropic; Assumption for Eqgs. 13 (19d)
and 18,

(5) A>0.05m; Approximate rule for va- (19)

lidity of dispersion relation
Eq. 14.

As most sonar wavelengths are between 0.1 and 1 m, the
condition Eq. 19a is often not fulfilled. The composite
structure model developed in the next section circum-
vents this condition.

II. SURFACE WITH COMPOSITE STRUCTURE

Almost all the energy of a wind-generated sea is
concentrated in the low-frequency part of the sea sur-
face power spectrum, say at f<0.2 Hz or A>35 m.
Thus, the large excursions violating Condition 19a are
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F16. 2. Modulation of local grazing angle by low-frequency
surface wave components (Swell). The local tangent 7 is inclined
by an angle € with respect to the mean surface.

associated with wavelengths much longer than the
typical resonant sonar backscattering region (0.1-1 m).
This observation leads to the composite structure sur-
face model. The power spectrum of sea surface dis-
placements is divided into two regions, Siwl f] and
Shignl f]. Small-excursion backscattering theory (i.e.,
Eq. 18) is applied to Shign[ f]. The “carrier waves” or
“facets” represented by Siow[ f] are taken into account
by modulation of the local grazing angle (Sec. IIT) and
shadowing of a part of the illuminated surface (Sec. IV).

The choice of the division point fz appears at first to
be highly arbitrary. However, it can be shown that an
optimum f; exists where the sum of finite excursion
error and finite facet curvature error is a minimum.® In
more simple terms the following two conditions for fL
should be fulfilled :

/, Shignl fJAf<N? (20)

L
and

1 z
— / Py« Jedic>N, (21)
kL Jo

where kp=4r%f12/g.

Following Phillips,'® the high-frequency part of the
gravity wave spectrum (= “equilibrium range”) can be
described approximately by

Shigh[f:lzﬂng_5) (22>

where u is called “Phillips’ constant.”’ Its numerical
value varies with the normalization of S[f] and with
the way of writing Eq. 22.

Inserting this spectrum into Eq. 18, we obtain the
simple formula

QI:'Yloc] =7 tan‘[’Yloc], (23)

where vioc is the local grazing angle (see Fig. 2).
Equation 23 differs only by a factor of 7/2 from a
similar expression of Marsh,!! but the interpretations
are different. The backscattering strength is here a
function of local grazing angle, rather than of the mean
(or geometrical) grazing angle; this may change the
result considerably at small angles.
714  Volume 54
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III. MODULATION OF GRAZING ANGLES

The modulation effect of the “carrier waves” (Siowl f])
is illustrated in Fig. 2. The backscattering strength

glv10e]=gly— €]

is fluctuating according to the local distribution of
carrier slopes e. But what we measure from large
distance is the spatial average {¢[vy—€])..

Because of the nonlinear relation between ¢ and vy
(Eq. 10), the modulation of local grazing angles will
increase (¢). This is formally equivalent to attributing
an inclination Ay to the mean sea surface. We can write

o)) e= gLy — e e=qly+av]. (25)

We wish to use Eqs. 23 and 25 to obtain an expression
for Ay. Utilizing the MacLaurin series, we find that for
small y

(24)

tan*(y) =v*/4,
so that Eqs. 23 and 25 can be written in the form
(v+Aar)t={(y—e)*)e
=y~ 4y e+ 6y (e)—dr(e)+(eh).  (27)
To evaluate Eq. 27, we must investigate the statistical
behavior of the local inclination (slope), e. We assume

that the slopes of long waves in open sea never exceed a
few degrees. Thus,

(26)

0z 0z

e=arctan—=—, (28)
ar Or

where z is surface displacement due to the swell and ris a
distance coordinate on the mean surface. Viewing the
swell as a narrow-band random process (i.e., Rayleigh
distribution of amplitude, uniform distribution of
phases), z should be nearly normally distributed. Thus, €

10°

4

ra7°

0() 5 10°

Fic. 3. Pseudo-inclination Ay of mean surface, caused by the
rms slope € of the low-frequency part Siow[ f] (“swell”’) of the
surface spectrum.
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is also nearly normally distributed. Since it is natural to
assume {e)=0, all odd moments are zero and the even
moments are given by

n—1

(=N IT (1+2).

=0

(29)
Now, Eq. 27 reduces to
(r+ Ay) oy 6y )+ 3 (€)= A (14 647349, (30)

where

A=¢/y; e=rms value of e

Equation 30 reduces easily to
Ay=+v[ (146424344 *—1]. 31)

This formula is illustrated in Fig. 3, which shows how
the pseudo-inclination Ay of the mean surface varies
with € and . For the case of very small v (i.e., for v
approaching 0°), it remains finite (corresponding to the
fact that v1,. may well be nonzero when v is zero) :

Ay=3te (32)
asy—0.

For evaluation of Eq. 31, we need an expression for &,
which could be obtained, with proper precautions,? from

either of the following

L3 A
e= / k2P 1owl K ]dk (33a)
0
167t /5
= / f‘SlowU]df) (33b)
g Jo

where «z, and fy, are related by Eq. 14.

IV. SHADOWING

The phenomenon of shadowing of parts of the surface
by its own large scale roughness has been treated in
several papers.”? B. G. Smith,* for example, obtained a
relatively simple-looking formula, which has been shown
to be in close agreement with computer simulations;

TG, 1—3 erfcB

o[v,e]l= ,  (34)
1+ir—iB-lexp—B*—3 erfcB

where

o[v,€]=probability that a point on the surface is not
shadowed, independent of its coordinates,
B=tan[y]/(eV2)=~1/(4V2); for small grazing
angles,
and

&

erfc[x]=1—27"} / exp[ —#%]dt.

0

The backscattering strength g[y+ Ay ] has to be multi-
plied by o[v,€] to take into account the reduction of
illuminated area by shadowing (see Eq. 35 below).

10
=10

5 | 10°

F1G. 4. Smith’s shadow function versus grazing angle with rms
swell slope as parameter.

o[v,€] is plotted in Fig. 4. One can see that for
moderate roughness (é<5°), shadowing can affect
(¢[v]) only at very small grazing angles.

V. COMPARISON WITH EXPERIMENTS

Summarizing, the backscattering strength ¢, calcu-
lated by applying Rayleigh-Marsh theory to the high-
frequency part Shig of the sea surface spectrum, suffers
two modifications due to Sjow, namely, an equivalent
shift Ay, and a reduction by the shadowing function o.
The complete formula is

g[v]=o[v,e]- tan‘{ v+ Ay[e]] - 7u.

The Siow contribution is uniquely determined by the
rms value € of the local inclinations, through Egs. 31 and
34. € can be calculated from Eq. 33. The Shign contribu-
tion is expressed by the Phillips constant, u, which may
vary with wind speed.

A verification of the theoretical model in Eq. 35 has
still to be made, with backscattering strength ¢, and
surface spectrum, Siow and Shig, measured at the same
time. Publications have not been found on suit-
able combinations of acoustical and oceanographical
measurements.

However, from a series of SACLANTCEN experi-
ments conducted in the Mediterranean, we may draw
some preliminary conclusions. The backscattering
strength ¢[y] has been determined from acoustical data
at 3.5 kHz with a rather accurate technique.' Together
with these acoustical experiments, the low-frequency
part Siow of the sea surface spectrum was measured and
the rms slope of swell, € has been calculated. As Shign
was not measured, it was attempted to estimate u using
Eq. 35. Since u is apparently wind dependent, this was
done as a function of wind speed, resulting in the

(35)
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Fic. 5. Prediction and measurements of surface backscattering
strength. Curve parameter: wind speed U and rms slope. Dashed
lines: Calculated from Egs. 35 and 36.

empirical formula

U 3.6
u=2.2 10“7(————> ,
1 m/sec

where U is wind speed, measured 18 m above the sea
(2.7 m/sec< U< 8 m/sec). The “Phillips constant” u is
defined in this paper by Egs. 17 and 22. For comparing
Eq. 36 with Phillips’ original constant 8 one should
substitute

(36)

p=(2m)~. 37

As the formula, Eq. 36, was obtained from a relatively
small set of data it is not very accurate; e.g., a recent
examination of the experimental equipment has shown
that the vertical beam pattern of the hydrophone array
was about 109, narrower than it had been assumed.
Consequently, the numerical factor in Eq. 36 had to be
increased by 2.6 with respect to the earlier valuel!®
However, there still remains an uncertainty of the
order 2.

In the absence of a better verified model, one may use
Eq. 36 to insert into Eq. 35 to obtain a simple formula
for sea surface backscattering strength ¢{v] as a func-
tion of rms swell slope e and wind speed (/. A detailed
comparison of this prediction of backscattering strength
with those of other authors and with the above men-
tioned measurements is being prepared for publication.'®
Figure S shows an example.

VI. CONCLUSION

The range of validity of Rayleigh theory can be
extended considerably by using the composite model of

716 Volume 54 Number 3 1973

surface structure. The resulting expression for the
backscattering strength becomes very simple, when
restricted to sound wavelengths of the order 0.1-1 m and
to grazing angles below about 10°. The only parameters
of this formula, Eq. 35, besides grazing angle, are rms
slope of swell and Phillips constant of the small-scale
surface waves.

Preliminary results of a series of surface scattering
experiments seem to indicate a 3.5th-power relation
between wind speed and Phillips constant. If this
relation could be verified for a larger range of wind
speeds and wavelengths, it would reduce the whole
problem of predicting sea surface backscattering
strengths to predicting wind speed and rms slope of
swell.
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