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Delay-Doppler  resolut ion per formance  of 
l a rge  t ime -bandwid th  p roduc t  l inear  FM 
signals i n  a m u l t i p a t h  ocean  envi ronment  

J.-P. Herma~td and W.I. Roderick 

Execut ive  Summary :  The primary function of active sonar systems in 
ASW is to detect and localize submarines. In localization the key target 
parameters to be determined are range and range rate, which are derived 
from the measured travel time of the transmitted pulse and its Doppler shift 
respectively. 

The range determination requires short pulses equivalent to large frequency 
bands, whereas range rate determination requires long pulses. Both can be 
achieved simultaneously by applying so-called 'large time-bandwidth pro- 
duct' pulses. The rnost common cne, also used in radar, is the chirp pulse 
which changes frequency linearly during the time of pulse transmission and 
is called a 'linear frequency modulated' or LFM pulse. 

As long as there is a single propagation path between sonar and target, range 
and range rate can be determined by conventional signal processing tech- 
niques. However, under conditions of ~nultipath propagation, the received 
echo will consist of several pulses. If they overlap in time the multipath 
propagation can severely limit the range and range rate determination. 

Since the present LFM pulses applied in sonar systems generally employ 
a relatively small time-bandwidth product the performance limitation of 
large time-bandwidth product LFM signals has not been extensively studied, 
especially in a multipatli environment. 

This study quantifies the errors that result when determining range and 
range rate in a multipath environment using large time-bandwidth product 
or LFM pulses. It is demonstrated via computer simulation that conven- 
tional processing, in fact, can give incorrect range and range rate information 
when overlapping multiple returns are received. The errors are described in 
te r~ns  of the paranleters of the large time-bandwidth product pulse. Finally, 
a processing technique to determine the true range and range rate is sug- 
gested and demonstrated by simulation. The technique is shown to work 
well at high signal-to-noise ratios. 

Future work will address the develop~nent of improved processing techniques 
to deal with lower signal-to-noise ratios. Also, actual at-sea data will be 
analysed to verify the computer simulation. 
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Delay-Doppler  resolut ion pe r fo rmance  of 
l a rge  t ime -bandwid th  p roduc t  l inear  FM 
signals i n  a m u l t i p a t h  ocean  env i ronmen t  

J.-P. Hernland and W.I. Roderick 

Abs t r ac t :  Active sonar systems that transmit large time-bandwidth 
(TW)-product linear frequency modulated (LFM) waveforms and receive 
echoes from targets of unknow~~ range and speed can suffer considerable cor- 
relation losses that cannot be predicted from conventional (narrow-band) 
ambiguity function theory. As is well known, the theory can be modi- 
fied to include the effects of Doppler distortion on large TW-product sig- 
nals by correlating the received signal against a reference that is a time- 
compressed version of the transmitted signal. In this article, the effects 
of multipatli (or target highlight structure) and Doppler on the correla- 
tion process for rectangular-weighted large TW-product LFM waveforms 
are examined. Gaussian-weighted waveforms are also considered to examine 
sidelobe behavior. It is shown that in a multipath environment, the corre- 
lator output peak does not generally occur at the correct Doppler reference 
channel. This is due to the constructive/destructive interference of the sum- 
mation of complex delay-Doppler autocorrelation functions associated with 
each return. A summation technique that identifies the appropriate Doppler 
reference channel is proposed; this technique allows the target parameters 
to be estimated if the signal-to-noise ratio is sufficiently high. 

Keywords:  active sonar o ambiguity function o correlation loss o 
Doppler o large time-bandwidth o linear frequency modulatio~i o 
multipath o sidelobe o target localizatio~~ o time compression 
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product linear FM signals in a multipath ocean environment 
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Active sonar systems that transmit large time-bandwidth ( TW)-product linear frequency 
modulated (LFM) waveforms and receive echoes from targets of unknown range and speed 
can suffer considerable correlation losses that cannot be predicted from conventional (narrow- 
band) ambiguity function theory. As is well known, the theory can be modified to include the 
effects of Doppler distortion on large TW-product signals by correlating the received signal 
against a reference that is a time-compressed version of the transmitted signal. In this article, 
the effects of multipath (or target highlight structure) and Doppler on the correlation process 
for rectangular-weighted large TW-product LFM waveforms are examined. Gaussian- 
weighted waveforms are also considered to examine sidelobe behavior. It is shown that in a 
multipath environment, the correlator output peak does not generally occur at the correct 
Doppler reference channel. This is due to the constructive/destructive interference of the 
summation of complex delay-Doppler autocorrelation functions associated with each return. A 
summation technique that identifies the appropriate Doppler reference channel is proposed; 
this technique allows the target parameters to be estimated if the signal-to-noise ratio is 
sufficiently high. 

PACS numbers: 43.60.Gk, 43.30.Es, 43.30.Vh 

INTRODUCTION 

Long-range detection, localization, and classification of 
targets by low-frequency active sonar systems can be subject 
to severe performance limitations. Reduced radiated power 
levels inherent in low-frequency transduction, ambient 
noise, boundary reverberation, and associated lower direc- 
tivity of low-frequency receiving apertures necessitate im- 
proving overall system figure-of-merit by increasing the 
time-bandwidth (TW) product of the transmitted signal. 
Under noise-limited conditions, detection performance in- 
creases with signal energy, whereas, under reverberation- 
limited conditions, performance is additionally dependent 
on both signal duration and bandwidth. Achievable high 
TWproducts are subject to system and medium constraints, 
and a knowledge of the target characteristics. 

Ideally, in an additive white-noise background, a corre- 
lation receiver processes the received signal against a refer- 
ence signal that "best matches" the incoming echo. Alterna- 
tively, since the target signature, motion, and medium 
propagation effects are not known a priori, the echo return 
would be processed serially against a family of reference sig- 
nals that represents all possible echo returns. The reference 
signals would account for target aspect highlight structure, 
cover the full range of expected target radial velocities and its 
variations over the signal duration, and include multipath 
propagation effects appropriate to the in situ environmental 
conditions. However, in practice, a reference channel is de- 
signed solely for a signal that is reflected from a constant- 
velocity point target and propagates over a single path. The 

reference channels differ from one another by Doppler com- 
pensation to account for different anticipated target veloc- 
ities. 

For given target and environmental conditions, the res- 
olution performance of the correlation receiver, in delay and 
Doppler, can be described in terms of the ambiguity func- 
tion. This ambiguity function indicates the accuracy to 
which a target's range and radial velocity can be estimated 
and this is dependent on the waveform characteristics of the 
transmitted signal. In essence, if the signal is narrow band, 
then the conventional (Woodward) formulation of the am- 
biguity function is appropriate.' For this narrow-band case, 
the exact effects of reflection from a moving point target, i.e., 
a time compression of the waveform for approaching targets 
and an expansion for receding targets, are approximated 
simply as a carrier-frequency (f,) shift of the transmitted 
waveform. The assumption is that the modulation function 
is narrow band and is unaffected by the Doppler effect. The 
correlation receiver, for narrow-band waveforms, has refer- 
ence signals that are carrier-frequency-shifted versions of 
the transmitted signal. 

In this study, a "wideband" ambiguity function has 
been formulated for transmitted waveforms that have TW 
properties for which the effects of target motion must be 
included in both the carrier frequency and the modulation 
function. These effects can be taken into account in the cor- 
relation receiver by having reference signals that are time- 
compressed (and -expanded) versions of the transmitted 
signal. 

The transmitted waveform does not have to have a very 
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large fractional bandwidth W/f, nor does the target have to 
have high velocity for there to be substantial differences be- 
tween the narrow-band and wideband properties of the am- 
biguity function. This is particularly true for the Doppler 
tolerances of large TW-product linear frequency modulated 
(LFM) waveforms. Harris and Kramer2.' asymptotically 
evaluated the ambiguity function for the effects of Doppler 
distortion on large TW-product LFM waveforms. Using ex- 
act Doppler compensation (time compression) in the refer- 
ence channel, the correlation receiver Doppler tolerance was 

0.6 kn for a sonar with a ratio of center frequency to 
bandwidth of 5:l and a processing gain 2 WT of lo4. How- 
ever, for the same correlation receiver and system param- 
eters, the narrow-band approximation would have predicted 
a Doppler tolerance of + 150 kn. This substantial difference 
in Doppler tolerance prediction occurs because the narrow- 
band correlation loss, which is caused by Doppler mismatch, 
is governed solely by a frequency shift of the carrier frequen- 
cy that can be interpreted (Kroszczynski4) as an equivalent 
time shift of the frequency modulation function. Doppler 
tolerance is then determined by the temporal overlap loss. 
Using the wideband theory, the actual Doppler tolerance is 
determined predominantly by the linear frequency-versus- 
time slope difference between the reference and received 
LFM signals. As a rule, if the product of the TWproduct and 
the fractional bandwidth W / '  is significantly greater than 
1, then the Doppler tolerance must be predicted from the 
wideband ambiguity function theory.5 The Doppler toler- 
ance for a narrow-band LFM signal is proportional to the 
fractional bandwidth W/f, of the waveform, whereas, for a 
large TW-product LFM signal, the tolerance is approxi- 
mately independent of the carrier frequency and is inversely 
proportional to the T w product.2v3.6 

The much-reduced Doppler tolerance for large TW- 
product LFM signals requires the correlation receiver to 
have a large number of Dopper-compensated reference 
channels. For this reason, Doppler-invariant waveforms 
(e.g., linear period modulation, also known as hyperbolic 
frequency modulation) have been utilized to circumvent the 
need for multichannel  reference^.^^' Because the waveform is 
invariant to Doppler, there is poor resolution of target veloc- 
ity. However, both range and velocity resolution can be im- 
portant to low-frequency active systems that customarily 
transmit with long repetition periods. Large TW-product 
LFM signals are Doppler resolvent. At the cost of additional 
signal processing, both range and velocity can be estimated 
within the bounds defined by the wideband ambiguity func- 
tion. Another consideration for large TW-product LFM sig- 
nals is that their actual acceleration tolerance is high com- 
pared to the one predicted by the narrow-band theory, as 
demonstrated by ~ r a m e r . ~  Hence, separate acceleration- 
processing channels are not required. The correlation receiv- 
er output sidelobe levels for the large TW-product LFM sig- 
nals are higher than the levels of the narrow-band LFM 
signals. This is to be expected since the volume under the 
wideband ambiguity function is close to the square of the 
signal energy as has been shown by Sibul and ~itlebaum.' 

Both Costas9 and Garberlo have approached the prob- 
lem of multipath effects on correlation receivers for large 

TW-product waveforms by modeling the received signal by a 
delay-Doppler spreading function. Using the correlation re- 
ceiver output with no multipath for comparison, the correla- 
tion loss for a multipath signal was shown to be dependent on 
the product of the spreading function and the ambiguity 
function. When the spreading was less than the resolution of 
the transmitted signal, the loss was negligible; when it was 
larger than the resolution of the transmitted signal, the loss 
varied inversely with the product of the two functions. 

Nuttall" recently investigated a multitarget correlator 
response for narrow-band LFM transmitted and reference 
signals that could differ in amplitude shading and time dura- 
tion. For rectangular-envelope transmitted and reference 
signals, constructive and destructive interference of second- 
ary lobes could generate spurious peaks, and Doppler mis- 
match could broaden the mainlobe of the response. The re- 
sponse for a rectangular-envelope transmitted signal and a 
Hanning-envelope reference signal was examined for several 
cases. In general, sidelobe interferences were reduced at the 
expense of mainlobe broadening. Matched filter discrimina- 
tion against improperly coded narrow-band signals has been 
reported by Cohen. l2 Cross-ambiguity functions were devel- 
oped for signals mismatched in weighting, pulse length, and 
FM sweep rate. Both unilateral and bilateral Hamming 
weighting resulted in sidelobe reduction and a correspond- 
ing spread in the main ridge of the ambiguity function. 

In this article, the delay-Doppler resolution perfor- 
mance of a correlation receiver is analyzed for large TW- 
product LFM signals in a multipath ocean environment. 
The reference channels consist of time-compressed (and 
-expanded) versions of the transmitted pulse. The received 
signal is represented as a linear summation of returns with 
arbitrary amplitudes, time delays, and Doppler transforma- 
tions. A wideband ambiguity function formulation is used to 
predict the influence of the multipath interference effects on 
the delay-Doppler resolution performance. A delay- 
Doppler autocorrelation function is associated with each re- 
turn and they are translated with respect to each other by 
their differences in range and velocity. These complex func- 
tions are superimposed in magnitude and phase to yield the 
resultant magnitude of the correlation receiver response. 
The primary concern in this investigation is estimating range 
and velocity from the resultant ambiguity surface, which is 
derived as a function of delay and Doppler. The mathemat- 
ical approach adopted is similar to Russo and Bartberger's 
formulation of the ambiguity function for an LFM signal 
with rectangular envelope.I3 Their analysis technique is ex- 
tended here to include multiple echo returns and to describe 
the interference effects on the correlation receiver response. 
It is assumed that the multi-path/-highlight structure is time 
invariant and can be represented as a discrete summation of 
returns. Although the formulation permits arbitrary 
Doppler compression associated with each return in the 
echo, emphasis is focused on multi-path/-highlight struc- 
tures that have the same Doppler. This emphasis is taken to 
represent low-frequency, long-range echo ranging where the 
multipath is confined to a narrow angular dispersion in ele- 
vation angle and where the target maintains constant aspect 
angle during the insonification time interval. 
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The following analysis demonstrates that for a return 
from a single-highlight point target, which propagates over a 
single path, the correlator output envelope is a maximum 
when the reference signal is exactly matched in delay and 
Doppler. Target range and radial velocity can be estimated 
within the bounds defined by the autoambiguity function. 
When the received signal consists of multiple arrivals, how- 
ever, the resultant cross-ambiguity surface in delay and 
Doppler consists of several peaks, and the maximum peak 
does not necessarily occur at the appropriate Doppler-com- 
pensated reference channel. This is due to the constructive/ 
destructive interference of the summation of delay-Doppler 
autocorrelation functions associated with each return. In 
general, the maximum peak occurs at a reference channel 
mismatched in Doppler. A summation technique that iden- 
tifies the appropriate Doppler reference is proposed; this 
technique allows the target parameters to be estimated if the 
signal-to-noise ratio is sufficiently high. Two- and three-di- 
mensional computer modeling is used to display the re- 
sponse envelopes in delay and Doppler. 

I. CHARACTERIZATION OF THE TARGET REFLECTED 
SIGNAL 

Consider a transmitted signal s (  t )  in the form of a mod- 
ulated carrier, 

where a ( t )  is the amplitude modulation, B(t) is the phase 
modulation, and f, is the carrier frequency. Although phys- 
ical systems can only transmit real-valued time signals, it is 
convenient to use a complex representation of such signals. 
The physical signals( t )  can be considered as the real part of 
a complex (analytic) signal s ( t ) :  s ( t )  = 9?[S(t)]. In prin- 
ciple, the analytic signal can always be found by taking the 
Hilbert transform of the real signal and adding it as the 
imaginary part: S ( t )  = s ( t )  + j i ( t ) .  Analogously to ( I ) ,  
the complex analytic signal can be written in the form 

where p ( t )  is commonly referred to as the complex enve- 
lope. For narrow-band signals, a good approximation of the 
analytic signal can be obtained by taking the complex enve- 
lope in (2 )  as 

p ( t )  = a( t )e i s ( ' ) ,  
However, for wideband signals the complex envelope gener- 
ally assumes a much more complicated form. For our pur- 
pose, the approximation ( 3 )  can be retained even if it is only 
a poor approximation to the analytic signal. l 4  Since complex 
notation is used exclusively in the following, the complex 
indicator - will be omitted. 

Assume that the characteristics of the target are fixed 
during the time it is illuminated and that it can be modeled as 
a point target. A point target (as opposed to a distributed 
target) is one which, if held motionless with respect to the 
transmitter and receiver, will return an undistorted version 
of the transmitted signal. The physical effect of source and 
target relative motion on the reflected signal is a continuous 
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compression (or expansion) of the path length traversed 
during the transmission. This is mathematically equivalent 
to a change in time scale and a change in amplitude (to 
conserve energy) given by 

77y2 S( 77ot), (4 )  
where 77" = 1 + aOz  1 - 2 VO/Cis the Doppler compression 
factor in which Vo is the radial velocity of the target and C 
is the speed of sound in seawater." As defined here, Vo is 
positive for an opening target and negative for a closing tar- 
get. Using complex notation, (4)  becomes 

(1  + S,)ll'p[(l +SO)r  le  J ~ T (  1 + 6,,)fc1 ( 5 )  
It is seen that the radial velocity has two effects: a compres- 
sion (or expansion) of the time scale of the complex enve- 
lope (including a small amplitude change) and a shift of the 
carrier frequency. When the signal is narrow band in the 
sense that the bandwidth Wis small compared to the carrier 
frequency f,, the first effect can often be neglected. Using 
this simplified model of Doppler transformation, the reflect- 
ed signal is 

( t )  e~2"( 1 + 6, , ) / ,1  ( 6 )  
However, even for small fractional bandwidths W / ' ,  the 
compression must be exactly taken into account when the 
TWproduct is large. For large fractional bandwidths W/fc, 
the amplitude change must always be included. As a rule of 
thumb, the narrow-band approximation loses its validity 
when the quantity TW2/' is significantly greater than uni- 
t ~ . ~  

The received signal y ( t )  is taken as an amplitude-atten- 
uated (A , , ) ,  time-delayed (r,,), and Doppler-transformed 
(vO) version of the transmitted signal s ( t ) ,  

y ( t )  =A077h/2 s[rlO(t- - r O ) l ,  ( 7 )  
where ro = 2Ro/Cis the round-trip delay ( R o  is the range of 
the target) in the absence of Doppler effect. 

II. RANGE AND RADIAL VELOCITY ESTIMATION 
In the previous section, a simple model was presented 

for the signal returned from a target with particular values of 
delay and Doppler. The problem of estimating the range and 
radial velocity of a single target using a correlation receiver is 
formulated in this section. 

A. Correlation receiver 
Consider the problem in which 7, and 71,, are unknown, 

nonrandom parameters of a single target that have to be 
estimated. The range and radial velocity can be estimated by 
cross correlating the received signal against a set of reference 
signals. Each of the reference signals is a replica of the trans- 
mitted signal that has been artificially Doppler compensated 
(carrier-frequency-shifted and time-compressed ) . A signifi- 
cant number of reference channels must be correlated 
against the received signal to cover the full range of expected 
target radial velocities. For each combination of delay r and  
Doppler 7 (range-velocity cell), the correlation receiver 
computes 

J Hermand and W I Roderick: Delay-Doppler resolution 

Report no. changed (Mar 2006): SM-219-UU



where t denotes complex conjugation and each reference 
signal r,, ( t )  is a Doppler-compensated version of the trans- 
mitted signal s( t ) ,  

r, ( t )  = q L f 2  ~ ( q t ) .  (9)  
The correlator is followed by a square-law envelope detec- 
tor. This correlation receiver is illustrated schematically in 
Fig. 1. Substituting (9)  and (7)  into (8)  is 

The maximum of this correlation integral occurs at r = ro 
and q = qo, that is, when the reference and echo signals are 
exactly aligned in time delay and Doppler. The maximum is 
used to detect the target, and its location is used to estimate 
its range and velocity. The delay parameter T and the 
Doppler parameter q of the reference, which result in maxi- 
mum correlation, provide the delay (range) and Doppler 
(velocity) estimates. Figure 1 thus depicts the optimum re- 
ceiver under a wide varity of criteria (such as maximum 
likelihood), provided that any interference is additive, 
white, and Gaussian noise. l 5  

B. Autoambiguity function 
The accuracy, ambiguity, and resolution properties of a 

particular waveform are described by its ambiguity function. 
The ambiguity function of a waveform (transmitted signal) 
can be defined in terms of the output waveform of a (zero- 
Doppler) matched filter for different Doppler-transformed 
versions of the input waveform (received signal) . I 6  This is 
equivalent to evaluating the correlation function of (8 )  for 
y ( t )  = s ( t ) ,  

DOPPLER 

DELAY T r"l 
INTEGRATION i d t  - 

ENVELOPE 

FIG. 1 Basic time-domain replica cor. 
relator 
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+ m 

Q(7.1) = q l f2  1 s t (q t )  s ( t  + r) dt. 
oj 

(1 1)  

which defines the delay-Doppler autocorrelation function of 
~ ( t ) .  This correlation integral is maximum and is equal to 
the total signal energy E when T = 0 and q = 1, i.e., 

The autoambiguity function of s ( t )  is defined as the magni- 
tude of @ ( r , ~ ) ,  normalized to unit peak energy, 

where 

From the Schwarz inequality, x ( r , q )  < 1. 

Ill. DOPPLER-MULTIPATH MODEL 
In Sec. I1 A, the structure of an optimum receiver was 

given for detecting a single target and estimating its range 
and radial velocity. In order to evaluate the performance of 
this correlation receiver in the presence of a multipath envi- 
ronment (or a target with multiple highlights), a model is 
required that accounts for multipath and Doppler. 

Consider the situation where the signal returned to the 
receiver after a single transmission is composed of several 
echoes. For example, in the case of a single-highlight target, 
the energy can travel from the source and back along more 
than one physical path of propagation. Also, a target with a 
physical structure that includes multiple highlights will re- 
turn several distinct echoes. It is assumed that the received 
signal y ( t )  consists of a sum of M individual echoes xi ( t ) ,  

M 

where, according to (7) ,  the ith echo is an amplitude-atten- 
uated (A, ), time-delayed ( 7 ,  ), and Doppler-transformed 
(7, ) version of the transmitted signal s ( t ) ,  

x , ( t )  =A,q,!" s [ q r ( t -  r i ) ] .  (16) 
By using (15) in the integrand of ( 8 ) ,  it follows that 

or, equivalently, 

where 

~i ( 7 , ~ )  = J-:: r!) ( t )xi  ( t  + r) dt. 

The cross correlation between the reference signal r, ( t )  and 
the received signal y ( t )  appears as a sum of cross-correlation 
functions between the reference signal r, ( t )  and each ith 
individual echo signal x, ( t ) .  

Using (9)  and (16) in the integrand of (19) yields 
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which is of the same form as ( 10). The maximum of this 
correlation integral occurs at T = T, and g = gi ,  that is, 
when the reference and ith echo signals are exactly aligned in 
time delay and Doppler. By introducing the transformation 

Ai = T -  T,, (21) 

(20) can be simplified to 

@i (Ai,77) = A ,  (mi ) I t 2  

By further introducing the substitution 
t l = t +  $ A i  (23) 

to obtain a symmetric expression in A,, the need for separate 
calculations for A,  < 0 and A i > O  can be avoided. Thus 

By using the complex notation of (2) ,  the correlation func- 
tion of (24) can be rewritten in terms of the complex enve- 
lope and carrier term of the transmitted signal, 

xe~2-(7~, -  VIA{ '  d t ' .  

In this formulation, we clearly observe the two Doppler ef- 
fects previously mentioned: shifting of the carrier frequency 
f, and time compression of the complex envelope p ( t)  . Re- 
turning to the narrow-band approximation, we ignore the 
second effect, which yields the Wigner distribution as a func- 
tion of p, 

X e ~ 2 f l ( r l , -  rl)f<[' d t ' ,  

where the Doppler compression factors g and gi  in the com- 
plex envelopes and the energy conservation factors g' l2 and 
g;l2 have been neglected. 

Similarly to ( 13), the cross-ambiguity function of s( t)  
and y ( t ) ,  x ( T , ~ ) ,  is defined as the magnitude of @(T,v), 
normalized to unit peak energy. This function will be used to 
describe the complete correlation receiver response to a dis- 
crete delay and Doppler spread of the transmitted signal as a 
function of delay and Doppler. 

It should be noted that only the distortions due to rela- 
tive motions of the source and the reflectors are considered; 
this model does not take into account other distortions 
which can be induced by scattering from the target and by 
propagation through the acoustic medium. 
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IV. APPLICATION TO THE LINEAR FM PULSE 
The model developed in Sec. I11 is now applied to the 

rectangular-weighted linear FM pulse. In the remaining sec- 
tions, we refer to the large TW-product case as the case 
where TW$f,/ W. 

A. Rectangular-weighted LFM pulse 
Using complex notation, the (idealized) transmitted 

LFM pulse is given by 

s ( t )  =p(t)eJ2*fcf, 
where f, is the carrier frequency and the complex envelope 
is 

in whichflis the ratio of the signal bandwidth W to the signal 
duration T, or sweep rate 

The upper and lower signs indicate an up- and down-sweep, 
respectively. The "rect" function is defined by 

I 1, i f lx/<$,  
rect(x) = 

0, otherwise. 
The instantaneous frequency varies linearly from f, f W/2 
to f, W/2 over the time interval [ - T/2, T/2]  as repre- 
sented in the time-frequency plane (t, f )  of Fig. 2 for the 
case of an up-sweep in frequency. It is assumed that 
W / 2 S  f,. 

B. Narrow-band case 
In the case of a narrow-band LFM signal, the Doppler 

effect can be treated as a pure frequency translation of the 
entire signal spectrum: The t - f characteristics of the 
transmitted and received LFM signals are parallel as shown 
in Fig. 2. The narrow-band formulation given in (26) can be 
applied. Substitution o f p ( t ' )  from (28) into the integrand 
of (26) yields, after factoring, 

I 
-T/2 0 

Time 

Frequency 

I I 

I 

FIG. 2. Mismatched LFM signals: narrow-band case. 

I 
I 
I I 

I 
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After some calculation, there follows 

where 
z , = r [ ( v ,  -v ) fc+PAi] (T-IAiO , (32a) 
Ri  = A i ( T -  /A,I) ,  (3%) 
0, = r ( v ,  + v)f,A,,  ( 3 2 ~ )  

for ( A i  / < T. The "sinc" function is defined by 
sinc(z) = sin z/z . (33) 
By letting i = 1, A, = 1, r, = 0(A, = T), 7, = 1, and 

77 = 1 + S in the expressions (32), the delay-Doppler auto- 
correlation function normalized to unit peak energy may be 
written as 

\y(r,S) = R exp( jO)sinc(z) , 
where 

z =  r(b'r-Sf,)(T- / T I ) ,  
R = ( T -  IrI)/T, 
@ = r ( 2 + S ) f , r ,  

for Irl< T. The autoambiguity function is given by the mag- 
nitude of ( 34), 

x ( r ,S)  = R Isinc(z) I . (35) 
A thorough discussion of this function can be found in Ref. 
5. From (35), the equation of the main ridge (locus of 
slowest descent) is obtained by lettingz = 0 in (34a), to give 

S = (b'/fc I T ,  (36) 
which represents a diagonal straight line in the (7,6) plane. 
According to (34b), x ( T , ~ )  decreases linearly along the 
main ridge from x(0,O) = 1 and reaches half-power ( - 3 
dB) when R = l/$ and thus when I T  I = 0.3 T. From 
( 3 6 ) ,  the Doppler tolerance (half-power contour) is given 
by the Doppler coordinates of the main ridge associated with 
T -  ? d B '  

or, in knots, 
V-,,, = f 450 W/f,kn, (37b) 

where S = - 2 V/Cand a value of 3000 kn is assumed for C. 
Because of the extremely narrow and diagonal nature of the 
main ridge, it is convenient to visualize the autoambiguity 
function in a rotated delay-Doppler plane (rl ,S),  where the 
reduced delay variable r' is defined by 

r' = r - Cf;/fl)S. (38) 
In this plane, the projection of the main ridge becomes super- 
imposed on the 6 axis. As an example, consider an LFM 
pulse with the parameters 

f c=900Hz ,  W=30Hz,  T = 0 . 5  S ,  (39) 
which is a narrow band Cf,/ W = 30) and small TW-product 
( TW = 15) signal. From (37a) and (37b), the Doppler tol- 
e r ance i s \S , , , I  = loW2 (15kn).Figure3showstheam- 
biguity surfacex(rl,S) in the vicinity of the main ridge. The 
main ridge represents the Doppler-tolerant property of the 
narrow-band LFM pulse. The correlation loss is due to a 
time overlap loss, as illustrated in Fig. 2 by the intersection of 
the (translated) t - f characteristics of the transmitted and 
received signals. The subsidiary ridges represent the re- 
sponse sidelobes of the correlation receiver. The maximum 
sidelobe level is 13 dB below the mainlobe. 

C. Large TW-product case 
In the case of a large TW-product LFM signal, the 

Doppler effect must be treated as a time compression (or 
expansion) of the transmitted signal: The t - f characteris- 
tics of the transmitted and received LFM signals cross as 
shown in Fig. 4. Hence, the narrow-band approximation 
loses its validity and the exact formulation of (25) must be 
used. Substitution o f p ( t  ') from (28) into the integrand of 
(25) yields, after factoring, 

JW+: rect( v ( t l - p i ) )  ( 7 , ( t 1 :p i )  @;(R,,v) = Aj(vv,) l i2  rect T ) 

As is shown in Sec. 1 of the Appendix, the above expression 
can be reduced to a complex form of the Fresnel integral. 
Two cases must be considered, depending on the sign of the 
quantity 0 (7, - 7 ) .  The derivation leads to the final result 

@,(A,,v) = R ,  expti@,) [F(z,,,) - F(z , , , ) ]  , (41) 

where 
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(41c) and the cosine and sine Fresnel integrals are defined by 
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which, after calculation (given in Sec. 2 of the Appendix), 
yields 

where 

for [A, (<  T/77, . 
By letting i = 1, A, = 1, T, = 0 ( A ,  = T), v ,  = 1, and 

17 = 1 + S in the expressions (41 ) and neglecting S2 wherev- 
er it appears added to unity, the delay-Doppler autocorrela- 

Y tion function normalized to unit peak energy may be written 

\o .$ as 

FIG. 3. Autoambiguity surface of a narrow-band LFM: f, = 900 Hz. \V(T,S) = R exp(j@)exp(jO) IF(z,) - F(z , )  I , (46) 
W =  30 HZ, and T = 0.5 s. where 

C(z) = [ cos(f n f 2 )  d l ,  

and the "sgn" function is defined by 

The absolute-value signs under the square root in (41d) are 
necessary in order to have valid expressions in both cases. 
The only difference between the two cases is the sign of the 
imaginary part of the complex Fresnel integral. The ranges 
ofA, and the corresponding limits of integration t ;,; and t ;,; 
to be used in (41b) and (41c) are given in Sec. 3 of the 
Appendix. 

For the special case of a reference signal matched exact- 
ly in Doppler to the ith echo signal (71; = v) ,  the preceding 
formulas break down and expression (40) becomes 

8 = sgn (06)  tan- 

The ranges of T and the corresponding limits t ,  and t, are 
given in Sec. 3 of the Appendix. The magnitude of (46) gives 
the autoambiguity function as 

For the special case where S = 0, the expressions (45) must 
be used and the delay-Doppler autocorrelation function nor- 
malized to unit peak energy becomes 

Frequency where 

for I T )  <T. The magnitude of (48) is given by 
x(T,O) = R Isinc(z) I . (49) 

The magnitude x(T,S) can be interpreted in terms of the 
Cornu spiral. In a Cartesian coordinate system, the point of 
coordinates [ C(z) ,S(z) ,z] describes a helical spiral whose 
projection in the complex plane (C,S) is a Cornu spiral, as 
depicted in Fig. 5. The Cornu spiral is symmetrical with 
respect to the origin and approaches the point (0.5,0.5) in 

4 I I 
-T/2 0 T/Z 

Time 

FIG. 4. M~smatched LFM s ~ g n a l s  large TW-product case. 

J. Acoust Soc. Am , Vol 84, No 5, November 1988 J Hermand and W I Roderick: Delay-Doppler resolution 171 5 

Report no. changed (Mar 2006): SM-219-UU



FIG. 6. Geometric interpretation for the magnitude and phase of P(r,6). 

I t  

FIG. 5. Fresnel integrals and Cornu spiral. 

the first quadrant by encircling it an infinite number of times 
when z tends toward infinity." When small values of 
Doppler mismatch (i.e., IS1 < 1) are considered, the expres- 
sions (46d) and (46e) can be further simplified by neglect- 
ing S wherever it appears added to unity, and 

P =  21flS11/2, (50a) 

The limits of integration t ,  and t, given in Sec. 3 of the Ap- 
pendix reduce to 

t - 1  , - 2 ( 1 ~ 1  - T), t2 = $ ( T -  Irl), for 171<T. 
(51) 

Substituting the expressions (50a) and (50b) into (46b) 
and (46c) yields 

z, = flS/"2( 171 - T + f , / f i  - 7/81 , 

z2 = flS1112(T- 1 . ~ 1  +f,/fl- 716) , (52b) 
which define the relationship between the (7,S) plane and 
the (z,,z,) plane. It is then more convenient to analyze the 
behavior o f x  in the ( z , ,~ , )  plane independently of the signal 
parametersf,, W, and T. Define 

and 

z= & ( z , + z , ) ,  
where Az represents a certain length on the z axis. The arc of 
Cornu spiral between the end points z, and z, has this same 
length. Here, 2 represents the midpoint of this arc. Using 
(52a) and (52b) gives 

Az= P(t, - t , )  = 21flS1'/2(T- 171) , (55 
Z = PQ = IflSl"'X/fi- r/S) . (56) 

By using (55), the autoambiguity function (47a) can be re- 
written as 
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Hence,x(z,,z,) is inversely proportional to the length of the 
arc Az and is proportional to the length of the chord 

I F(z,) - F(z,  ) I (straight line joining the end points z, and 
z 2 )  For small values of 7 such that I T /  4 T, the first term of 
(57) will be omitted. If Az (or S)  is fixed and the midpoint Z 
approaches the upper or lower limit point of the spiral, then 
the end points z, and z, will also approach this limit; the 
chord becomes progressively smaller, and so does the ambi- 
guity function-which goes through an infinite number of 
extrema of continually decreasing magnitude. This is illus- 
trated in Fig. 6 for Az = 1 and values of 2 increasing from 0 
to 2.5 in increments of 0.5 (segments a to f).  In fact, x de- 
creases rapidly when z, and z, are in the same quadrant of the 
(C,S)  plane (z, and z2 are both positive or negative). Figure 
7 shows a contour plot ofx(z,,z,) in the second quadrant of 
the ( z , , ~ , )  plane for Izl<5. The contour lines, given for 
O<X< 1 and AX = 0.01, clearly reveal well-defined peaks 
and valleys. 

-5 -4 -3 z, -2 - 1 0 

FIG. 7 Contour plot ofx(z , , z , ) :  O<X< 1, AX = 0.01. 
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We now investigate the extrema (maxima and minima) 
ofx .  That is, we seek those points on the (z,,z2) plane that 
correspond to the peaks and valleys. By taking the derivative 
of (57), it can be shown that the extrema ofx(z,,z,) satisfy 
the condition 

4 -4 = 4 n ,  (58) 
where n is a positive or negative integer. By considering n as 
a parameter, this equation defines a family of hyperbolas 
centered at the origin with axes oblique to the coordinate 
axes. The diagonal lines z2 = + z, corresponding to n = 0 
are the transverse and conjugate axes of the hyperbolas. In 
the (7,6) plane, the conjugate axis z2 = - z, becomes, from 
(46b)-(46e), 

which represents the main ridge or "backbone" of x ( r ,S) .  
Therefore, the main ridge for the large TW-product case is 
not a straight line as in the narrow-band case [see (36) 1,  but 
rather is slightly hyperbolic and therefore not symmetric 
about the origin of the (r,S) plane. Similarly to ( 38), a more 
appropriate representation can be obtained in the (r1,6) 
plane where the reduced delay variable T' is defined by the 
transformation 

T ' = T -  Cf,/B)[S/(l + a ) ] .  (60) 
By using the transformation (60) and assuming 161 < 1 and 
/ T I  4 T, expressions (52a) and (52b) reduce to 

By letting z, = 0 and z, = 0 in (61a) and (61b), it is seen 
that each quadrant of the (z,,z2) plane is mapped onto a 
triangular region of the (r1,6) plane delimited by the diag- 
onal lines 

According to the previous discussion, x ( T ' , ~ )  exhibits al- 
most the totality of its energy in the lower and upper triangu- 
lar regions of the (r1,6) plane [corresponding to the 2nd and 
4th quadrants of the (z,,z,) plane]. By solving (61a) and 
(61b) for r' and 6, it follows that 

From (58) and (63a), the subsidiary peaks are separated in 
delay by n/ W. The amplitudes of the most significant peaks 
of (57) as well as their exact locations in the (z,,z2) plane 
have been calculated. These values are given in Table I and 
can be used in conjunction with (63a) and (63b) to deter- 
mine the delay-Doppler coordinates (7',6) of the subsidiary 
peaks for particular signal characteristics (given values of W 
and T). The parameter n of the ridge where the maximum 
lies is also indicated. It will be noted that the amplitudes of 
these peaks are independent of the signal characteristics. In 
particular, the four subsidiary peaks that are closest to the 
origin (highest level) are located at the coordinates 

(r1,6) = ( + 1/W, + 2.64/WT) (64) 
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TABLE I Principal maxima ofx(z1 ,zz)  

and are only - 5.6 dB below the central peak. This has to be 
compared with the highest sidelobe level of - 13 dB of the 
"sinc" behavior in the narrow-band case. According to the 
asymptotic evaluation of ~ a r r i s , '  the Doppler tolerance 
(half-power contour) is given by 

6 , , ,  = + 1.74/TW, (65a) 
or, in knots, 

V , , ,  = f 2610/TWkn. 
As an example, consider an LFM pulse with the parameters 

f ,=1050Hz ,  W=300Hz,  T = 5 s ,  (66) 
which is a wideband Cf,/ W = 3.5) and large TW-product 
( TW = 1500) signal. From (64), the actual Doppler toler- 
ance is ( 6  - , ,, 1 -1 1.2 lop3 ( 1.74 kn),  whereas, according to 
the narrow-band theory, one would expect the Doppler tol- 
erance to be, from (37), (6  _ , ,, 1 =: 8.6 10W2 ( 129 kn). Fig- 
ure 8 shows the ambiguity surface x ( r f , 6 )  in the vicinity of 
the main ridge. Although such a pulse cannot be treated as a 
narrow-band signal (since TW2/f, = 43% I ) ,  it is interest- 
ing to consider the autoambiguity function of Fig. 9, ob- 
tained by using the narrow-band approximation. By com- 
paring the ambiguity surface in Fig. 8 and its narrow-band 

FIG. 8. Autoambiguity surfaceof a large TW-product LFM:f, = 1050 Hz, 
W = 300 Hz, and T = 5 s. 
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FIG. 9. Function of Fig. 8, but time compression neglected. 

counterpart in Fig. 9, it becomes evident that inclusion of the 
time compression of the complex envelope causes a drastic 
shortening of the main ridge as well as a completely different 
sidelobe structure. As illustrated by the translated t - f 
characteristics of Fig. 4, the total correlation loss is due to 
both time overlap loss and time-frequency slope difference. 
The contribution of the latter becomes predominant when 
TW increases and is responsible for the Doppler-resolvent 
property of the large TW-product LFM pulse. For compari- 
son, the half-power ambiguity contour and its narrow-band 
counterpart are sketched in Fig. 10. 

The phase behavior of the delay-Doppler autocorrela- 
tion function can now be examined. Two phase terms must 
be considered: the phasor expCjO) (including the carrier 
frequency) and the phasor of the complex Fresnel integral 
itself expCj8). The latter can be interpreted directly from the 
Cornu spiral. The other term will be considered in the next 
section. Referring back to Fig. 6, it is seen that if 2 is in- 

Doppler 6f, 

ARCE TW 

I 

creased for a given Az, then the angle 19 of the chord slowly 
increases (or decreases for certain large values of Az) from 
its initial value 19, corresponding to 2 = 0. If 2 is increased 
still further, both end points z,  and 2, wrap themselves 
around the spiral, thus causing the chord to rotate more and 
more rapidly, and the phase of the Fresnel integral does like- 
wise. It is clear that the phase is symmetric about the main 
ridge, which is defined by the condition 2 = 0. 

V. TWO-PATH PROBLEM 
Consider the situation where the transmitted LFM 

pulse is reflected by a target with a single point highlight and 
is returned to the receiver through two propagation paths. 
Assume that the difference of arrival times (including the 
carrier phase shift) between the two paths is r0 and that the 
Doppler compression factors associated with each path are 
both equal to go. As mentioned before, this situation can 
occur in low-frequency, long-range echo ranging where only 
the low-grazing-angle paths have sufficient energy to propa- 
gate back to the receiver, so that the differential Doppler 
between these paths is usually negligible. Note that in the 
absence of multipath, a nonrotating target with a pair of 
point highlights will create a similar situation. Without loss 
of generality, the absolute time delays r, and r, can be cho- 
sen symmetrically about the point "r = 0." One then has 

There is one delay-Doppler autocorrelation function 
@, ( 7 , ~ )  associated with each path. The individual functions 
@, and @, are centered on the ( r ,q )  plane at the coordinates 
( - f ro,q0) and ( 1  rO,qO), respectively. According to (18), 
the resultant delay-Doppler cross-correlation function 
@( r ,q )  will be the sum of @, and a,. Before superposition, 
@, and @, are weighted with their phase factors, which pro- 
duces interference between the two functions. For a better 
understanding of the nature of this interference, we now ex- 
amine the phase difference between @, and @, as a function 
of delay and Doppler. In order to demonstrate the funda- 
mental role of the Doppler distortion, the narrow-band and 
large TW-product cases are again compared. 

A. Narrow-band case 
From (21), (32c), and (67) the instantaneous phase 

angle Oi associated with each path is a linear function of r ,  

where the upper and lower signs stand for 0, and a , ,  respec- 
tively. From (68),  the instantaneous frequency 
f(r) = dO, ( r ) / d ~  is constant for a given g and corresponds 
to the Doppler-shifted carrier frequency. The phase differ- 
ence is given by 

Thus the phase differmce is constant for a given g. Pure 
constructive addition of the sidelobes of a, and @,will occur 
when both functions are exactly in phase, that is, when 

FIG. 10 Half-power ambiguity contour for narrow-band and large TW- where is an integer (~osi t i~eornegat ive) .  Identifying (69) 
product LFM pulses. and (70) gives 
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k = ;(?lo + 77)fc~". (71) [since AO(S) a (2  + 6 ) ,  where 161 < 11 and remains con- 

For given 77, and ro and each particular value of k, there stant over T for a given S (phase). Therefore, no strong local 
exists only one value of 77 for which both functions are exact- interference can be expected. 
ly in phase. To simplify, assume that the radial velocity of the 
target is zero (S = 2V,,/C = 0), so that 77, = 1 and let 
77 = 1 + S. By solving for S, (71 ) becomes 

which represents horizontal lines in the (7,s) plane. Since 
161 < 1, only the nearest integers of the quantity f ,ro yield 
plausible values of S. As illustrated in Fig. 3, the sidelobe 
response is smeared with increasing 6 and becomes less and 
less symmetric about the main ridge (magnitude). Also, ac- 
cording to (69), the phase difference slowly varies with 6 

B. Large TW-product case 

As shown before, the phase 6' of the Fresnel integral 
itself is slowly varying in the triangular region where the 
autoambiguity function assumes significant values and is 
symmetric about the main ridge. Thus its contribution to the 
total phase difference between @, and @, will always be zero. 
It suffices, therefore, to consider the phasor exp(iO) before 
the Fresnel integral. According to (41g), (45c), and (67), 
the instantaneous phase angle O, associated with each path 
is 

if 77 = 770, 

@ , ( ~ , 7 7 )  = [(770-77)L - 770770(7+ + r 0 ) l 2  , otherwise, 
P(77:, - v2) 

where i = 1,2 and the upper and lower signs are for 0, and O,, respectively. Except for the special case where 77 = v0, the 
phase is a quadratic function of 7. The phase difference is given by 

The phase difference is dependent on both T and 77 whereas, in the narrow-band case, it is constant for a given 7. Identifying 
(70) and (74) gives 

For given v,, and .r,, and considering k as a parameter, this realistic Doppler range (S < 10W2) if the TW product is 
equation defines a family of curves on the ( 7 , ~ )  plane, where large ( TW> lo'). It is clear that constructive addition of the 
@, and @, are exactly in phase. For simplicity, assume that subsidiary peaks of both functions will occur in the vicinity 
the radial velocity of the target is zero, so that vo = 1, and let of the in-phase lines defined by (77) (phase). Only the in- 
7 = 1 + 6. Taking the transformation (60) and solving for phase lines corresponding to the nearest integers k of the 
7' give quantity fcr0 will fall in the overlap regions. In particular, 

For small values of 6 such that (SI < 1, solving for S, 

S = [B / (k / ro  -L . ) ]T ' ,  (77 

which represents a family of oblique lines in the (.rl,S) plane, 
where Q ,  and @, are exactly in phase. 

As illustrated in Fig. 8, the main ridge of each autoambi- 
guity function is smeared with increasing S and its energy is 
split into multiple peaks. For a time delay ro on the order of 
the inverse bandwidth I/ Wand a sufficiently large value for 
the quantity TW2/fc compared to unity, there will be two 
triangular overlap regions (negative and positive S) ,  in 
which both individual autoambiguity functions exhibit a sig- 
nificant amount of energy (magnitude). In particular, when 

two pairs of subsidiary peaks are superposed in magnitude 
on the S axis. These overlapping regions will only fall in 

1719 J. Acoust. Soc. Am., Vol. 84, No, 5, November 1988 

when 

the two individual functions are in phase on the S axis. Due 
to the "peaky" behavior of the spreading of these functions, 
well-defined peaks are likely to appear away from the correct 
Doppler value. These peaks can be lower or higher than 
those appearing at the correct delay-Doppler coordinates 
depending on T,. Clearly, for ro much smaller or larger than 
I/ W, no spurious peaks can be expected. However, as the 
number of paths M increases, ith-order overlap regions cor- 
responding to 2, ..., M - 1 and M paths will extend further 
and further from the r axis, and spurious peaks are likely to 
occur in some of these regions. Lower-order regions are 
more likely to produce spurious peaks than higher-order re- 
gions. Spurious peaks will appear in higher-order regions 
only if a significant number of paths happen to interact con- 
structively in these regions: The crossing points between the 
in-phase lines are close to each other. The interference effect 
is illustrated by some examples in the next section. 
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VI. NUMERICAL EXAMPLES 
The general formulas developed in the previous sections 

have been programmed for the narrow-band and large TW- 
product cases. The program allows numerical investigation 
of any case of interest, in terms of the Doppler-multipath 
(-multihighlight) response for LFM signals with arbitrary 
fractional bandwidth and TW product, and for multipath 
(multihighlight) structure with arbitrary attenuation, 
Doppler, and delay on each path (highlight). The cross- 
ambiguity function is plotted as a surface above the delay- 
Doppler plane, to specify the complete three-dimensional 

receiver response to the received signal in delay and 
Doppler. 

It does not really matter if the physical situation is mul- 
tipath or multihighlight, and so "path," "highlight," or "re- 
turn" are used interchangeably. Although the program per- 
mits arbitrary attenuation and Doppler with each return, the 
attenuation factors are assumed to be equal ( A i  = 1 ) and the 
Doppler compression factors are assumed to be equal and 
are taken as zero (6; = 0).  This emphasis is considered rep- 
resentative of low-frequency, long-range echo ranging where 
the multipath is confined to a narrow angular dispersion in 
elevation angle and where the target maintains constant as- 
pect angle during the insonification time interval. It is clear 
that assuming a radial velocity of zero does not affect the 
generality of the results. 

The delay variable is reduced according to (60) in order 
to show the nature of the contours; otherwise, in the actual 
diagrams, they are so narrow that they cannot be plotted 
satisfactorily (see Sec. IV). Two-way propagation (source- 
target-receiver) is assumed. The Doppler variable repre- 
sents the ratio of two times the radial velocity to the sound 
speed; to obtain the radial velocity in knots, it suffices to 
multiply by 1500. The plots are normalized to the maximum 
found over the delay-Doppler plane (taken as unity or 0 
dB). The same scaling on the delay and Doppler axes is 
retained for all of the plots to permit easier comparison. 

A. One-path case 
Consider the large TW-product LFM pulse of Sec. V 

where f, = 1050 Hz, W = 300 Hz, and T = 5 s returned to 
the receiver through a single path of propagation. Figure 1 1 
( a )  shows the autoambiguity diagram that corresponds to 
horizontal cuts in Fig. 8. The contours at 0.9, 0.7, and 0.5 
correspond approximately to - 1, - 3, and - 6 dB, re- 
spectively. The main peak ( 0  dB) and the four subsidiary 
peaks ( - 5.6 dB) are clearly evident. Figure 11 (b)  shows 
the normalized correlator response for the three values of 
Doppler given in Table I1 (see, also, Table I ) .  At zero 
Doppler (solid line), the highest sidelobe level of the sinc 
response is - 13 dB. At nonzero Doppler values, the main- 
lobe is split up in multiple peaks. For example, at 
161 = 1.76X 10W3 (dotted line), the mainlobe is split up in 
two peaks. Figure 11 (c )  shows the magnitude for the three 
values of reduced delay given in Table 11. The curves repre- 
sent the magnitude along the "backbone" (solid line) and 
two subsidiary ridges (dotted and dashed lines). The dotted 
and dashed curves go to zero at zero Doppler, and corre- 

TABLE 11. Principal maxlma of the autoambiguity function for an LFM 
pulse with f, = 1050 Hz, W =  300 Hz, and T =  5 s. 

I 
17'1 61 x lo-' 161 ,y(+,6) ,y(7',6) 

(ms) (kn) (dB) 
FIG. 11. Function of Fig. 8. (a )  Autoambiguity diagramx(rf ,6):  O<,y<l, 
AX = 0.1; (b)  correlator outputs I\V(r',6) 1 for S = 0 (solid), 0.00 0.00 0.00 1,000 0,D 
161 = 1.76X lo- '  (dotted), and 161 = 2 . 7 7 ~  l o p 3  (dashed); ( c )  magni- 3.33 1.76 2.64 0.525 - 5.6 
tude along the ridges for i = 0 ms (solid), lr' = 3.33 ms (dotted), and 6.67 2.77 4.15 0.419 - 7.6 
I T '  = 6.67 ms (dashed). 
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spond to the two first nulls of the sinc response (when (a) 
IS1 = 0) .  

6. Two-path case 
I 4 1  Figure 12(a) shows the cross-ambiguity diagram for b 
d 2 

two equal-strength returns separated in time delay by 4 ms. 5 
If only the two highest peaks are considered, the response & 
suggests two targets at the same range traveling with oppo- ' 

site radial velocities (opening and closing range) instead of a ' 
single standstill target with two highlights (for example). o 

I Figure 12(b) shows the correlator output for two particular H 

values of Doppler compensation: The solid line corresponds 
to a non-Doppler-compensated reference ( 6  = 0)  whereas Reduced delay \msl 
the dotted line corresponds to the Doppler parameter for (b) 
which the maximum correlation peak was obtained ' "  
(181 = 0 . 8 5 ~  or I V J  = 1.27 kn). At the correct O U  

Doppler, the two returns are not well resolved, due to band- o o  

width limitation ( r 0 z  I/ W ) ,  and, in the other channel, the 0 7  

response is reduced to a single peak. 0 
- 0 8  

The cross-ambiguity diagram of this pairing, for two 2 0 5  
M returns separated by 10 ms, is given in Fig. 13(a). Since the 4 0 4  

first nulls in Fig. 1 l ( b )  occurred at r' = 3.33 ms, these 
two responses are sufficiently separated to clearly see their ne 

individual peaks at the correct Doppler [Fig. 13 (b)  1. o I 

Consider a large TW-product LFM pulse as before but o o  

with slightly different characteristics: f, = 1000 Hz, 

r,,, = 0,10rns;6,,, = 0,O. (a) Cross-ambiguity diagramx(~',6); (b) corre- 
lator output l@(r',6) I for 6 = 0. 

3 ' 
H : 

4 

U h. 
4 

''9j .r - a - r 
Reduced TrrnEl 

separated by 8 ms. With these parameters, the conditions 
(78) and (79) are fulfilled simultaneously: 
r0 = 2/W= 81'' = 8 ms. In this very particular situation, 
two pairs of subsidiary peaks are exactly superposed (in 
magnitude), and are added in a purely constructive way (in 
phase) to produce two spurious peaks at opposite Doppler 
values [Fig. 14(a) 1. Figure 14(b) shows that these peaks 
(dotted line) have the same amplitude as the two correct 
peaks at zero Doppler (solid line), where pure constructive 
addition of the sidelobes occurs as well. This situation yields 
the maximum errors in the locations of the maxima 
(IS( = 2.15 x lop3).  

C. Four-path case 
Consider the same LFM pulse returned to the receiver 

through four paths of propagation with delays r, = 0 ms, 
r2 = 4 ms, 7, = 9 ms, and r, = 17 ms. As is evident in the 
cross-ambiguity diagram of Fig. 15 (a) ,  a well-defined peak 
is built up away from the correct Doppler. Figure 15(b) 
shows the maximum correlation peak (squared magnitude) 
as a function of Doppler. The maximum of this curve ap- 
pears at S = - 2.05 x 10W3, and the peak is 2.2 dB above the 
highest peak at the correct Doppler (6  = 0) .  The maximum 
of this curve, that is, the Doppler parameter of the reference 
channel that results in maximum correlation, is convention- 

FIG; 12. LFM:f, = 1050 HZ, W =  300Hz, T =  5 s; two paths:Al,, = l,1; ally taken as an estimate of the radial velocity ( - 3-kn er- 
r,,, = 0,4 ms; 6,,, = 0.0. (a) Cross-ambiguity diagramy(r',a); ( b )  corm- ror). Figure 15(c) shows the correlator output for two par- 
lator outputs l@(r',6) I for 6 = 0 (solid) and 6 = 0.85 x lo-' (dotted). ticular values of the Doppler compensation: The solid line 
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FIG. 14. LFM:,fr = 1000 Hz, W =  250 Hz, 7'== 5 S; two paths: A,,? - l , l ;  
7 , .  = 0,8 ms, S,,? - 0,O; ( a )  Cross-ambiguity diagram,y(r',h); ( b )  corre- 
laior outputs @ ( r ' , S )  for 6 = 0 (solid) and Ih'j - 2.1 5 X (dotted ). 

corresponds to a non-Doppler-compensated reference 
( 6  = 0 ) ,  whereas the dotted line corresponds to the Doppler 
parameter for which the maximum correlation peak was ob- 
tained (6 = - 2 . 0 5 ~  lop-'). At the correct Doppler, all 
four arrivals are resolved within the limits defined by the 
signal bandwidth ( 1/ W = 3.33 ms) whereas, at the incor- 
rect Doppler (6 = - 2.05 X lo- ' ) ,  the multipath structure 
is completely missing. To  illustrate the effect of time com- 
pression, the correlator response has also been calculated 
without taking into account the Doppler distortion (nar- 
row-band approximation). Figures 16 and 17 show the 
cross-ambiguity surfaces obtained with and without time 
compression, respectively. From a comparison of these fig- 
ures, it becomes evident that inclusion of time compression 
drastically affects the correlator response. 

Consider the four-path case of Fig. 15 but with slightly 
different arrival times: T, = 0 ms, T~ = 5 ms, T, = 10ms, and 
.r, = 20 ms. Figure 18 (a) - (c)  is comparable to Fig. 15 ( a ) -  
( c ) ,  respectively. As indicated by Fig. 18 ( a ) ,  there is again a 
broad response and numerous spurious peaks where the 
sidelobes of each highlight happen to interact constructively. 
The maximum peak occurs at 6 = - 3 . 6 ~  lo-". Error in 
Doppler is even larger than in the previous case ( - 5.4-kn 
error). Therefore, the exact amplitude and location of the 
spurious response is strongly dependent on the particular 
phases of the four arrivals. From these observations it is seen 
that, for an unknown Doppler, it can be very difficult to 
extract, from the correlator response, precisely what the de- 

1722 J. Acoust. Soc. Am., Vol. 84, No. 5, November 1988 

FIG. 15. LFM: f, = 1050 H7, W -- 100 HZ, 7'= 5 5 ;  ~ O U I -  paths: A, . ,  
= 1,1,1,1; r,, = 0,4,9,17 ms; a,., :- 0,0,0,0. ( a )  Cross-ambiguity diagram 

y (r1,6); (b )  maxlmum correlat~on peak versus Doppler; ( c )  correlatorout- 
puts l@(r',S) for 6 = 0 ( s o l ~ d )  and 6 = - 2 . 0 5 ~  10-3 (dotted). 

tailed multipath (o r  target highlight) structure is. Also, in 
most cases there is a gain in signal detectability due to 
Doppler-mismatched received and reference waveforms: If 
the target velocity was known but the multipath structure 
was not, the detection would have been lower at the appro- 
priate reference channel. 

D. Gaussian-weighted reference 
We now examine the effect of using a weighted replica in 

the reference channels. A Gaussian weighting function is 
taken as an example: The complex envelopep(t)  in (28) is 
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'- T \@ >? 

FIG. 16. Cross-ambiguity surface of Fig. 15. 

(b) 

0 8. 
0 
a 
3 0 7. .- 

weighted by e x ~ (  - t * /2d  ). The four-path case of Fig. 15 2a5. 

is considered in Fig. 19 for a Gaussian-weighted reference z a +  

with la,l = T/2. Comparison with Fig. 15 shows that there 
3 3 .  

is still a pronounced spurious peak at S z  - 2.05X lo-'. [" 0 2. 

Figure 19 (b)  shows the correlator outputs (solid and dotted . ,. 
lines) corresponding to Fig. 15 (c) .  When the four-path case . . . A , . 

of Fig. 19 is reconsidered in Fig. 20 with a smoother weight- &llf~*~h & 
$& 

ing function ( laol = T/6), there are still spurious peaks but 
they are surrounded by a broader response. Figure 20(b) 
shows the correlator outputs at 6 = 0 (solid line) and - - - -  - 

S = - 3 X lop3  (dotted line). These examples indicate that 
there is no significant advantage in using a weighted refer- 
ence regarding the occurrence of the spurious peaks. How- 

reduced at the expense of broadened mainlobe response and 
a loss in detectability. 

ever, at the correct Doppler matching, the sidelobe levels are 

25 3 0 4  

E. Summation technique O 3  0 2 1 
We now describe a technique that can be used to identify O 1  

the appropriate Doppler reference channel to allow the tar- oo.p Reduced delay Imsl 

FIG 17. Funct~on of F I ~  16, but time compression neglected. 
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FIG. 18. LFM: f; = 1050 Hz, W =  300 Hz, T =  5 s; four paths: A , ,  
= 1,1,1,1; T,, = 0,5,10,20 ms; 6,, = 0,0,0,0. ( a )  Cross-ambiguity dia- - .  

gram x(r1,6);  ( b )  maximum correlation peak versus Doppler; ( c )  correla- 
tor outputs l@(r',6)I for 6 = 0 (solid) and 6 = - 3.60X lo-' (dotted). 

get parameters (range and radial velocity) .to be estimated. 
As a by-product, the detailed multipath (multihighlight) 
structure can also be extracted within the limits defined by 
the signal bandwidth. The basic idea is simple: Even if con- 
structive interference occurring somewhere in the delay- 
Doppler plane produces a very strong false peak, its energy 
will always be smaller than the total energy that can be re- 
trieved from the individual peaks at the correct Doppler 
channel. The technique follows naturally: For each Doppler 
channel, the energies (squared magnitude) of the peaks in 
the correlator output that exceed a certain threshold are 
summed; the results are plotted as a function of the Doppler 
parameter and the maximum of the curve is taken as an esti- 
mate of the radial velocity. All the correlator outputs must 
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FIG. 19. Function of Fig. 15, but Gaussian-weighted reference with 
10,,1 = T/2. ( a )  Cross-ambiguity diagram x ( T ' , ~ ) ;  (b) correlator outputs 
I@(7',6) I for 6 = 0 (solid) and 6 = - 2X lo-' (dotted). 

FIG. 21. Maximum correlation peak (solid) and sum of the correlation 
peaks (dashed) versus Doppler [see Fig. 15 (b)  1. 

FIG. 20. Function of Fig. 19, but Gaussian-weighted reference with 
lu,,l = T/6. ( a )  Cross-ambiguity d iagramx(~ ' ,6 ) ;  ( b )  correlator outputs 
) @ ( ~ ' , 6 ) l  for 6 =  0 (solid) and 6 = - 3X lo-' (dotted). 

1724 J Acoust. Soc. Am., Vol. 84, No. 5, November 1988 

be normalized to the maximum correlation peak found 
across all the Doppler channels. Figures 21 and 22 corre- 
spond, respectively, to Figs. 15(b) and 18(b) of the two 
four-path cases that have been considered previously. The 
solid line represents the conventional Doppler localization 
process and the dashed line represents the summation tech- 
nique. It is seen that, in both cases, the correct Doppler was 
perfectly identified. The selected threshold was 3 dB below 
the maximum correlation peak. As is to be expected, the 
technique relies on the selection of an appropriate threshold 
and, although it works very well in a noise-free environment, 
it is clear that such a technique is limited by the signal-to- 
noise ratio. However, the technique can be applied after de- 
tection if the signal-to-noise ratio is sufficiently high. 

VII. CONCLUSIONS 
The analysis given here has demonstrated that for a re- 

turn from a single-highlight point target, which propagates 
over a single path, the correlator output envelope is a maxi- 
mum when the reference signal is exactly matched in delay 
and Doppler. Target range and radial velocity can be esti- 
mated within the bounds defined by the ambiguity function. 
When the received signal consists of multiple arrivals, how- 
ever, the resultant cross-ambiguity surface in delay and 
Doppler consists of several peaks, and the maximum peak 
does not generally occur at the appropriate Doppler-com- 

FIG. 22. Maximum correlation peak (solid) and sum of the correlation 
peaks (dashed) versus Doppler [see Fig. 18(b) 1. 
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pensated reference channel. This is due to the constructive/ 
destructive interference of the summation of delay-Doppler 
autocorrelation functions associated with each return. It has 
been shown that spurious peaks occur particularly in multi- 
path environments where the relative arrival times are of the 
order of the inverse bandwidth. Errors in the locations and 
amplitudes of the peaks increase with the number of paths 
(highlights). Differences as large as f 5 kn in radial veloc- 
ity and + 3 dB in the correlation peak have been found. 
Therefore, echo detection can be significantly improved by 
using a "fine-grained" bank of Doppler-compensated refer- 
ences even if the radial velocity of the target is known. 

For the case of large TW-product signals, there is no 
apparent advantage in using a weighted reference channel to 
minimize the occurrence of false peaks. 

The summation technique that has been described iden- 
tifies the correct Doppler reference that allows the target 
parameters (and the multipath structure) to be estimated if 
the signal-to-noise ratio is sufficiently high. 

The generality of the program allows the user to numeri- 
cally investigate his own cases of interest, in terms of the 
Doppler-multipath (or-highlight ) response for LFM signals 
with arbitrary fractional bandwidth and T W  product, and 
for multipath (multihighlight) structure with arbitrary at- 
tenuation factors, Doppler shifts, and arrival times. For in- 
vestigation purposes, the program is computationally much 
more efficient than any simulation program that has to cor- 
relate a received signal against a very "fine-grained" bank of 
Doppler-compensated references. 

APPENDIX: DERIVATION OF Qi(Ai ,q )  FOR LARGE TW- 
PRODUCT LFM PULSES 
1. Mismatched Doppler 

From (40), the delay-Doppler autocorrelation when 
77, # 77 is given by 

where the limits of integration t ;,, and t ;,, are determined by 
the overlap region of the two "rect" functions that are dis- 
cussed in Sec. 3 of this Appendix. This expression can be 
reduced to a form of the Fresnel integral; depending on the 
sign of the quantity P(v, - v ) ,  two cases must be consid- 
ered separately. Introducing the substitutions 

P, = [21B(77, - v ) ~ ( T I ,  + 1;1)1"~ (A21 

and 

into the integrand of (A1 ) gives 

@;(A,,77) = ~ , ( r l l ; l , ) l ' ~  exp(ir[f,(77, + 77 )A,  

+ +B(vf - v2)A f]) 

where + takes the sign of8(  77, - 77). Absolute-value signs 
are assigned to B( 77, - 77) in (A2) in order to have valid 
expressions for both cases. The only difference between the 
two cases is the sign of the imaginary exponent in the inte- 
grand. After some algebraic manipulations, there follows 

where 
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By letting 

z = P , ( t ' + Q , )  
and 

dz = P,dt l  , 
(AS) yields 

@,(A,,q)=Riexp(jOi) exp +_ j - r z2  : ( ) dz 

where 

z1.i = P, ( t  ;,; + Q, 1 9 

z,,, = PI ( t  ;,, + Q, 1 , 
and 

R, = A , ( ~ ~ , ) ~ ' ~ / P ,  . 

2. Special case of matched Doppler 
From (44), the delay-Doppler autocorrelation when 

77, = 7 is given by 

where t ;,, and t ;,, have the limits that are discussed in Sec. 3 
of this Appendix. Integration yields 
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TABLE AI. Range of time delay and limits of integration of @, (A,,v). 

Range of A, i., I ; ,  

Case I: 7 ,  # 71 

Case 11: 7, = 7 
T 

IL, I <- 
17, 

@, ( L v ,  1 = A,v, exp( j27dvi/Zj ) (l/.rrvfPAi ) except when the echo and reference signals overlap. Let Ti 
and T, be the durations of the ith echo and reference signals, 

X [exp( j2.rrqfDA,t ')/2jI1'.' I ,  (A12) respectively. With Doppler compensation, these limits be- 
come 

and substituting t i a i  and t ;,, by the expressions given in case 
I1 of Table A1 gives, after simplification, T , = T / v i ,  T , = T / v .  (A141 

Two specific cases arise depending on whether the duration 
of the reference signal is smaller or greater than the duration - - 

X 
s i n [ ~ . B ~ . ( T - ~ ~ l 4 I ) ]  . (A13) of the echo signal: These are cases 1 and 2. A special case, 

ml1b'AI ( T -  71. [A, 1 )  case 3, corresponds to the situation where both the reference 
and echo signals have the same duration. Because of compli- 
cations arising from the time compression (or expansion) of 
these signals, three subcases must be considered for each 3. Range of time delay and limits of integration 

The limits of integration of the correlation integrals case except for case 3, which reduces to two subcases. Cases 
(A1 ) and (A  1 1 ) are now determined. The integrand is zero, 1 and 2 are illustrated in Fig. Al ,  where the lower and higher 

FIG. Al .  Limits of integration of the delay-Doppler autocorrelation function. ( a )  Case 1: T, < T,; (b)  case 2: T, > T,. 
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rectangles represent the envelopes of the echo and reference 
signals, respectively. By moving the reference signal along 
the time axis and using the relations (21 ) and (23) from the 
main text, one obtains the ranges of time delay A, and the 
corresponding limits of integration t ;,; and t ;,,. Using abso- 
lute value signs and reintroducing explicitly the Doppler 
compression factors qi and q, we combine cases 1 and 2 as 
case I, and case 3 becomes case I1 (see Table AI).  
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